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Over the past decade, there has been a serious effort aimed at the development of flapping–
wing insect–like micro air vehicles (MAV’s) using micro–electro–mechanical system (MEMS)
fabrication technology. The use of the MEMS technology enable a systematic research in terms
of repeatability, miniaturization, size control, weight minimization, usage of smart materials,
and integration with electronic circuits. As the characteristic size of the MAV’s decreases than
their macro–scale counterparts, the challenges for flight mechanism, fluid mechanics, structural
design and fabrication, power requirement to lift its own weight, and computational design
and analysis of multiphysics involved between interdisciplinary domains is a difficult task that
has focused an active research in the last decade. The recent advancement in the mechanics
of the flapping flight suggests the use of smart materials to actuate the flexible wings of a
flapping–wing insect–like MAV.
In MEMS, there are number of actuation mechanisms are available. The basic actuation
mechanisms used in MAV applications are the electrostatic actuation, thermal actuation and
piezoelectric actuation. Among them piezoelectric actuation mechanism received a greatest
attention, especially in the past decade. The main advantages of piezoelectric materials are their
large power densities at the centimeter to micrometer scales, favorable scaling effects as the
transducer size is reduced, ease of application and well established fabrication technology. Gen-
erally, piezoelectric devices consist of a thin flexible unimorph or bimorph model. In particular,
piezoelectric bimorph actuators have been incorporated in various actuator applications.
1
CHAPTER 1. GENERAL INTRODUCTION
Figure 1.1: Concept sketch of a MEMS flyer
Recently, the flexible wings of insect–like MAV’s are actuated by a piezoelectric bimorph
actuator [1]. The schematic representation of MAV actuated by a flexible piezoelectric bimorph
actuator located at the root of the flapping wing [2] surrounded by the fluid media, shown
in Fig. 1.1. These bimorph actuators can produce large deformations when operated near
resonance. As shown in Fig. 1.1, the flapping wing actuated by a piezoelectric bimorph
actuator at resonance condition is damped significantly due to the fluid viscous force from the
surrounding fluid media, the fluid flow is sensitive to the wings motion, and the wing and the
actuator interact with each other due to their large deflection which intern has a significant
effect on the actuation mechanism.
The large deformation of the flexible piezoelectric bimorph actuator causes the strong
interaction with the electric field (piezoelectric effect) and the surrounding fluid, and inversely,
these two fields significantly affect the structural behavior of the flexible piezoelectric bi-
morph and flapping wings. This interdisciplinary coupling effect between the electric field, the
surrounding fluid media, and the flexible structure are very significant. Therefore, the triply
coupled multiphysics analysis between electric field and fluid–structure interaction (EFSI) is a
key design aspect in the modeling and simulation of MAV’s. The numerical approach to this
triply coupled system of partial differential equations is a challenging task that has attracted an
active research in the last five years.
In recent years, with the rise in the demand of energy has attracted research a significant
interest in energy harvesting describing the process of generating electrical energy from external
sources in the surroundings, such as structural mechanical vibrations, the ocean waves, wind
flow and many. The energy harvesting using the thin flexible piezoelectric bimorph devices
[3] shown in Fig. 1.2 that converts the mechanical energy such as ocean wave to the electric
2
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energy has attracted greater attention as a next electric generation system due to their strong
electro-mechanical convertible characteristics.
In energy harvester, the large deformation of the thin flexible piezoelectric bimorph devices
causes the strong interaction with the electric field (piezoelectric effect) and the surrounding
fluid, and inversely, these two fields significantly affect on the structural behavior. It is very
difficult to analyze such strong interaction using theoretical and experimental methods. It is
very important to consider triply coupled multiphysics interaction between the electric field and
fluid-structure interaction (EFSI) to obtain maximum power efficiency. There is less effort by
commercial software and academic research to treat three fields coupling using finite element
method (FEM). A detailed and accurate modeling of EFSI system using FEM will help to
achieve maximum power efficiency.
(a) Flexible piezoelectric bimorph sensor in fluid
(b) FPED devices used for energy harvesting application
Figure 1.2: Concept sketch of flexible piezoelectric devices used in energy harvesting
As a numerical tool for performing the simulation of multiphysics coupling effects, the
finite element method (FEM) has been the standard choice, because of its capabilities to analyze
the geometries of complex shapes, detailed analysis of coupled effect, boundary and initial
conditions. In general, the MEMS devices have complex geometries, therefore FEM has become
an essential computer tool for the design and analysis. In recent years, FEM has been used
3
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in a large number of industrial projects and academic research and resulted in many efficient,
both problem specific and general simulation codes. Their simulation is a difficult task which
requires the analysis of coupled dependencies that is not studied thoroughly to give enough
information, experience, and understanding. The analytical solutions to the model equations
of EFSI system are limited in the scope. Therefore, a novel finite element method is required.
There has been less study on the development of an efficient and accurate FEM simulation
code to analyze EFSI effects. So this thesis is focused on the development of the finite element
method for the electric field–fluid–structure interaction of a piezoelectric bimorph actuator in
the fluid media and defines objectives to simulate EFSI system.
1.2 Objective of this thesis work
The finite element method to solve the coupled problems can be broadly classified into two
algorithms, i.e. the monolithic algorithms and the decomposition algorithm. The decomposition
algorithms are computationally efficient, enable the use of different finite elements to solve
the different fields as isolated entities which remedies the shortcomings of using the same
elements in the monolithic algorithms, and re-usability of various existing algorithms such
as parallel computation. On contrary, monolithic methods are computationally expensive,
difficult to employ different elements to solve different fields since monolithic algorithms
solve all the fields in a single mathematical framework, and therefore it is a challenging task
to use advanced parallel computation techniques. In this study, a strongly coupled method
for a flexible piezoelectric bimorph actuator in the fluid media is developed based on a finite
element method for strongly coupled structure, electric field and fluid using the hierarchal
decomposition algorithm. As a theory, the hierarchal decomposition algorithm is superior to
the others in terms of application to complicated multiphysics problems.
The objective to solve the EFSI system using the hierarchal decomposition can be divided
into a number of sub–objectives:
1. Development of finite element method to analyze the linear electric field–structure
interaction describing the piezoelectric effect by partitioning into the electrical field and
structural with the use of Gauss–Seidel method and analysis using 3D solid elements of
a piezoelectric bimorph actuator.
2. Develop a finite element model for nonlinear structure–electric field interaction using a
novel coupling scheme for the nonlinear structure–electric field by using a transformation
method between the shell and solid in a thin piezoelectric bimorph actuator and sensor.
4
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3. A triply coupled multiphysics analysis method for the electric field (piezoelectric effect)
and fluid–structure interaction (EFSI) of a piezoelectric bimorph in a converging fluid
channel based on the hierarchal decomposition.
Electric field–fluid–structure interaction








Figure 1.3: Schematic of hierarchal decomposition of EFSI system: Black lines indicates
partition and red lines indicates interaction.
Fig. 1.3 shows the schematic representation of the above discussed sub–objectives. As
shown here, the monolithic EFSI system is decomposed into subsystems of fluid–structure
interaction (FSI) and electric field. Then FSI subsystem is partitioned into sub–subsystem of
fluid pressure and fluid–structure velocity using algebraic splitting algorithm. The partitioned
electric field and structure are coupled to study the piezoelectric effect of a bimorph actuator.
This hierarchal splitting creates a foundation for easy implementation of various existing
simulation codes and also easily extendable to other multiphysics problems in a way most
suitable for the general application.
1.3 Outline of this thesis
In the present study, a novel triply coupled multiphysics analysis of electric field–fluid–structure
interaction of a thin flexible piezoelectric bimorph actuator in the fluid using hierarchal decom-
position method is presented, aiming at various engineering applications. An outline of this
thesis is organized as follows.
In Chapter 2, a comprehensive and systematic performance evaluation of several finite
element coupled algorithms to analyze the electro–mechanical coupling (electric field–structure
interaction) in three-dimensional piezoelectric bimorph actuators and a surface acoustic device
actuated by piezoelectric actuators are presented based on their accuracy and computational
efficiency. The interaction between the electric field and structure is numerically approximated
5
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using FEM for linear piezoelectric effect. Monolithic coupling, partitioned iterative coupling,
and non-iterative partitioned coupling schemes are presented to study electric field–structure
interaction in a piezoelectric actuator using three–dimensional (3D) solid FE elements. In
partitioned iterative coupling schemes, the author employed the block Jacobi and the block
Gauss–Seidel methods, which acts as a basis for this thesis work. In this chapter, a com-
prehensiveness analysis of piezoelectric bimorph actuator with a metal shim and without a
metal shim, and a piezoelectric actuator based surface acoustic wave device is demonstrated.
Resonance characteristics are very important in MEMS applications. The resonance vibration
characteristics of a bimorph actuator are analyzed. At the end of this chapter, an overview
of the computational efficiency is given for the dynamic analysis of low frequency and high
frequency operating piezoelectric actuators in MEMS.
Chapter 3 presents a novel transformation method to analyze the electro–mechanical
coupling in a piezoelectric bimorph actuator and sensor using the shell elements and 3D solid
and shell elements to simulate the nonlinear structure and electric field, respectively. In this
chapter, the author presents a finite element formulation to transform the induced electric forces
in the solid elements to the shell elements, and the resultant displacements in the shell to the
solid elements. It is followed by a detailed explanation of how the use of the different elements
to analyze two different fields can remedies the shortcoming of using monolithic elements or
same FE elements, the originality, coupling approaches, and algorithms. Using the proposed
method both the actuation and sensing function of a thin piezoelectric bimorph under several
electrical configurations is accurately analyzed.
Chapter 4 presents a triple coupled algorithm to analyze the electric field and fluid–structure
interaction of piezoelectric bimorph made of PVDF and PZT–5H material in the viscous fluid
media. The electric field–structure interaction and fluid–structure interaction coupled based on
the hierarchal decomposition scheme. In this hierarchal decomposition of electric field–fluid–
structure interaction system, the induced electric force vector is applied on to the structure
domain of the FSI system through the force transformation, then in the nonlinear iteration loop
the structural and fluid field is solved by using the projection method in order to evaluate the
structural and fluid variables. After the nonlinear iteration loop, the resultant displacements
in the shell element is transformed to the solid elements using displacement transformation
method. The coupling between the electric field and the fluid–structure interaction is executed
using the block Gauss–Seidel method. Piezoelectric bimorph made of PVDF and PZT–5H
located in the fluid channel is analyzed using the EFSI method. The resonance frequency of the
thin flexible piezoelectric bimorph in the fluid is examined for various electrical configurations
and loading conditions. Then the effect of the external ladings on the frequency and vibration
6
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amplitudes are discussed.
Finally some general conclusions are drawn based on the results and discussions and











PARTITIONED ITERATIVE COUPLING ALGORITHMS TO
STUDY ELECTRO–MECHANICAL COUPLING OF A LINEAR
PIEZOELECTRIC EFFECT
2.1 Introduction to piezoelectric effect
The word piezoelectricity is derived from Greek and means electricity resulting from pressure
(In Greek Piezo mean pressure). The piezoelectric effect is fundamentally an interaction
between electric field and structure discovered in 1880 by Jacques and Pierre Curie [4]. The
interaction between electric field and structure is also known as electro-mechanical coupling.
Piezoelectric material (PEM) exhibit both the direct and inverse piezoelectric effect, as shown
in Fig. 2.1. The direct piezoelectric effect converts the mechanical strain energy of the PEM
into electric energy, this direct piezoelectric effect is used in the sensor applications. On the
other hand, the inverse piezoelectric effect does the opposite, i.e., the electrical energy is
converted into mechanical strain energy, this inverse piezoelectric effect is used in the actuator
applications. There fore, the electro-mechanical convertible characteristics of a PEM is widely
used for both sensing and actuation applications.
9
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(b) The sensor or direct piezoelectric effect
Figure 2.1: Schematic representation of the piezoelectric effect
Designing piezoelectricity-based sensors and actuators has been an ongoing process over
the last few decades. The past decade has seen significant advances in the market growth of
MEMS-based piezoelectric products [5], and a wide array of piezoelectric MEMS devices have
been developed [6]. Generally, piezoelectric MEMS devices consist of a thin flexible unimorph
or bimorph model. In particular, piezoelectric bimorphs cantilvers have been incorporated in
various actuator applications [7–9] and sensor applications [10–12]. The piezoelectric sensing
effect can also be used for energy harvesting [3, 13, 14]. Recently, the flexible wings of insect-
like micro air vehicles [2, 15, 16], which are robotic insects with flexible flapping wings are
actuated by a piezoelectric bimorph actuator [1]. Recent advances in the mechanics of flapping
flight systems have been presented in Refs.[17–20]. The flexible wing of the MEMS-based
MAVs or MEMS flyer is actuated from the root by a piezoelectric bimorph actuator that can
produce large deflection at its resonance so that it can produce enough lift force to support its
own weight and fly at low speeds [2]. In many practical applications, piezoelectric bimorph
actuators with metal shim also known as triple layer actuators are widely used to increase
mechanical reliability and strength so that the structure can be maintained even if the ceramics
fractures [21]. The constitutive equations and dynamic admittance matrices for piezoelectric
bimorph actuators without the metal shim and with metal shim have been presented to study the
transmission characteristics between the electrical and mechanical fields, static tip deflection,
10
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and to determine the resonance frequencies in [7, 21–23].
Various micro devices are operated near resonance of the structures to improve their
sensitivity because these devices are less sensitive when operated away from their resonance.
Resonance frequency, transient dynamic response, dynamic steady state response and static
tip deflection are of the primary concern in the design of bimorph actuator and its practical
applications. Theoretical solutions to determine the resonance frequency and also static tip
deflection are available for bimorph actuators and triple layer actuator [21, 22].
The development of finite element coupled algorithms for piezoelectric interaction to
analyze the transient dynamic responses of these piezoelectric bimorph is very important in
the design process of piezoelectric actuators and sensor. Experimental study on the vibration
characteristics of the triple layer actuators with different configurations has been presented by
[24], and they compared the Eigen modal frequencies using commercial CAE tools.
There is an increasing demand and requirement of computer aided engineering (CAE) mod-
eling and simulation of piezoelectric devices because of strong electro-mechanical convertible
characteristics, strong coupling effect, applications in miniature devices such as MEMS, and
geometric complexity of the device. In recent years, multiphysics modeling and simulation have
gained a great attention and some researchers are extensively developing numerical methods
using FEM for smart structures [7, 25, 26] and intelligence devices. Zienkiewicz and Taylor
[27] have classified interactions in a coupled system into two classes. In class 1, the coupling
occurs on domain interfaces, and in class 2, it occurs through the constitutive governing equa-
tions of the system. Electromechanical coupling belongs to the latter class. One of the earliest
works on developing finite element method for linear piezoelectric interaction analysis was
done by Allik and Hughes [28]. A rather comprehensive literature survey on piezoelectric finite
elements can track back to [29].
Generally, coupled problems have been simulated using monolithic or partitioned coupling
methods. Over the last few decads, many researchers have proposed monolithic coupling
algorithms to study the electric field and structure interaction of electro–mechanical coupling in
piezoelectric continumm [28, 30–37]. Stability analysis of monolithic coupling and partitioned
coupling for both implicit and explicit integration methods was presented for piezo-composites
[38], and monolithic coupling with the Newmark’s integration was well studied for the linear
dynamic response of piezoelectric actuators [39]. Electromagnetic and structural interaction
are solved using simultaneous method [40] and staggered method for a cantilever plate in
[41, 42]. A finite element model for the static and eigenvalue problems for piezoelectric
bimorph actuator without metal shim using a monolithic coupling method can be found in [43].
Although monolithic coupling is available for linear piezoelectric analysis, it is computationally
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challenging when performing a nonlinear analysis. On the other hand, partitioned coupling
schemes are computationally efficient and can obtain a same level of accuracy with monolithic
schemes. Initially, a partitioned algorithm (domain decomposition) was proposed by Fellipa
et al. [44] for the analysis of coupled mechanical systems in fluid–structure interaction (FSI)
problems. In recent years, this partitioned strategy gained a great deal of attention due to
the software modularity and reusable capabilities of existing numerical codes. Shi et al. in
Ref [45] had proposed a partitioned method to analyze the structure-electrostatic interaction
for MEMS application [45], but the electrostatic phenomena and piezoelectric effect are two
completely different interaction problems. Gaudenzi & Bathe in Ref [46] had presented the
finite element formulation of the partitioning method for piezoelectric effect. In their work,
the comparison of performances of various numerical FE coupled algorithms have not been
presented, and also the validation of the algorithm using numerical example is not presented.
Nowadays, partitioned iterative methods have gained a great attention because they can enhance
the accuracy and robustness in comparison with non-iterative partitioned coupling methods.
In partitioned iterative methods, structure and electric interaction are solved separately and
iteratively by fixed point iteration at each time step satisfying the convergence criteria [47]. The
convergence and robustness of partitioned iterative algorithms for fluid-structure interaction
were investigated in [48]. And very recently, Ishihara et al. [49] had proposed hierarchal
decomposition for the interaction of structure-fluid-electrostatic interaction, where three fields
interactions are studied by partitioning them into fluid-structure interaction and electrostatic
fields using an iteratively staggered method, and the structure-fluid interaction is analyzed
using algebraic splitting method [50]. It follows from the present literature survey that an
implementation and development of partitioned iterative coupling schemes have not addressed
to study the electric field–structure interaction and to analyze the steady state, static, and
transient dynamic responses of a low–frequency operating piezoelectric bimorph actuators and
transient dynamic responses of a high–frequency operating surface acoustic wave problems.
It follows from the previous literature survey that the numerical techniques for static and
modal shapes are well established using monolithic coupling method. The transient dynamic
responses are very important in the design process and application point of MEMS piezoelectric
actuators. Therefore, computational procedures to capture the transient dynamic response of
piezoelectric bimorph actuators and also their performance evaluations based on accuracy and
computational efficiency must be discussed. The transient dynamic response of piezoelectric
actuators was presented using a monolithic coupling with the Newmark’s time integration to
solve ultrasonic ring motor [39] and partitioned coupling with the Newmark’s time integration
to solve structure-electrostatic interaction in a microtweezer [45]. Transient response of MEMS
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piezoelectric micro-flow sensors using matrix condensation with monolithic coupling and
Newmark’s time integration shows 5% error in tip deflection of plate [51]. But, in these studies,
the comparison of performances of various numerical FE coupled algorithms have not been
presented for transient dynamic responses of piezoelectric bimorph actuators.
In this section, a comprehensive and systematic performances evaluation of various numeri-
cal coupled algorithms based on accuracy and computational efficiency to study the electric
filed and structure interaction is demonstrated. The evaluated linear piezoelectric finite ele-
ment algorithms are 1) the monolithic coupling with Newmark’s time integration, 2) block
Jacobi partitioned iterative coupling with Newmark’s time integration, 3) block Gauss-Seidel
partitioned iterative coupling with Newmark’s time integration, 4) non iterative partitioned
coupling with central difference time integration. Using these algorithms, the static, dynamic
step responses and transient dynamic characteristics of piezoelectric bimorph actuator are pre-
dicted accurately. The static and dynamic behaviors of the model from numerical and analytic
results are compared with each other. It is shown from these results that the numerical analysis
using the proposed algorithms takes into account the interaction of the structure-electric field of
the piezoelectric actuator accurately. The performances of the proposed algorithms have been
depicted in the present simulation results. The performances of these finite element coupled
algorithms are evaluated based on the accuracy of the solution and the computational cost
for piezoelectric bimorph actuators without metal shim, bimorph actuators with metal shim
(triple layer actuator), and surface acoustic wave devices. Their transient dynamic responses
are demonstrated together with the static and steady-state responses.
2.2 Governing equations of piezoelectricity
2.2.1 Piezoelectric constitutive equations
In the actuation and sensing response of piezoelectric body of volume ­ with boundary surface
SB in three-dimensional space, the following mechanical, dynamic and electrostatic equilibrium
equations have to be satisfied.
The mechanical equilibrium can be written as
¾i j, jÅ f Bi Æ ½u¨i, (2.1)
where ¾i j, f Bi , ½ and u¨i are the stress tensor, the body force vector, the density and the
acceleration, respectively. The strain tensor Si j and the mechanical displacement vector ui are
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related as
Si j Æ 12(ui, jÅu j,i), (2.2)
The electrostatic equilibrium from Maxwell’s equation can be written as
D i,i¡ qÆ 0, (2.3)
where D i is the electrical displacement vector and q is the electric body charge. The electric
field vector E i and a scalar electric potential f,i are related as
E i Æ¡Á,i. (2.4)
The constitutive equations of linear piezoelectricity can be written as
¾i j ÆCEi jklSkl ¡ eki jEk, (2.5)
D i Æ e iklSkl Å"SikEk, (2.6)
where CEi jkl is the elastic constitutive tensor, Skl the mechanical strain tensor, eki j the piezo-
electric coupling coefficient, Ek the electric field vector, and "Sik the dielectric permitivity
tensor. The superscripts E and S denote that the elastic constants and the dielectric constants are
evaluated at constant electric field and constant strain, respectively. The constitutive Eqs.(2.5)
and (2.6) for piezoelectric material shows the coupling between electrical and mechanical
quantities. The actuation effect also known as inverse piezoelectric effect is described by
Eq.(2.5) which shows that when a piezoelectric material is subjected to an electric field pro-
duces mechanical strain in the material, shown in Fig. 2.1(a). On the contrary, the sensor effect
also known as the direct piezoelectric effect is described by Eq.(2.6), shown in Fig. 2.1(b). It is
evident from Eq.(2.6) that an electric field is generated by the applied mechanical stress. To
solve Eqs. (2.1)–(2.6) describing the piezoelectric body ­, the following natural or essential
boundary conditions on the boundary surface SB of the body are prescribed [38, 46]:
Natural mechanical boundary condition on SB¾
¾i jn j Æ f iS. (2.7)
Essential mechanical boundary condition on SBu
ui Æ uiS. (2.8)
Natural electrical boundary condition on SBq
D ini Æ qS. (2.9)
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Essential electrical boundary condition on SBÁ
ÁÆÁS, (2.10)
where uiS and f iS are the prescribed mechanical displacement and surface force components,
respectively; ÁS and qS are the prescribed electric potential and surface charge, respectively;
ni is the outward unit normal vector.
Generally, either piezoelectric polymers (polyvinylidene fluoride (PVDF)) or piezoelec-
tric ceramic (Lead zirconate titanate (PZT), Lithium niobate (LiNbO3), Lithium tantalate
(LiTaO3)) are the most commonly used piezoelectric materials. In general, poled piezoceram-
ics and piezopolymers are isotropic materials and exhibits symmetry. Using the symmetrices
CEi jkl Æ CEjikl Æ CEkli j, eki j Æ ek ji, "Sik Æ "Ski of the constitutive tensors, and ¾i j Æ ¾ ji and
Skl Æ Slk of the second order stress and strain tensors. The expanded form of Eqs.(2.5)
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Using the Voigt’s notation, the 3rd order piezoelectric coupling tensor e i jk can represented
by 3 x 6 matrix with two subscripts emn (m=1 to 3 and n= 1 to 6 ). For the constitutive tensor
CEi jkl , the stress tensor ¾i j and the strain tensor Skl , the combined pairs of indices in the matrix
notation is as follows: ()11 ! ()1, ()22 ! ()2, ()33 ! ()3, ()23 ! ()4, ()13 ! ()5, and ()12 ! ()6, e.g.
CE1111 ÆCE11, CE1122 ÆCE12, CE1133 ÆCE13, CE2211 ÆCE21, CE2222 ÆCE22, CE2233 ÆCE23, CE3311 ÆCE31,
CE3322 ÆCE32, CE3333 ÆCE33, CE2323 ÆCE44, CE1313 ÆCE55, and CE1212 ÆCE66.
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2.3 Finite element equations of linear piezoelectricity
Finite element method played a significant role in the analysis of electro-mechanical coupling
in a piezoelectric material. Using FEM, approximate numerical solutions can be computed for
a complex coupled phenomena, complex shapes, and different boundary conditions.
2.3.1 Formulation of variational piezoelectric equations
The variational formulation and basic finite elements equations to derive the stiffness, mass,
and electromechanical coupling matrices of piezoelectric system was first presented by Allik
and Hughes [28]. The integral form of the mechanical equilibrium and electrostatic equilibrium
Eqs.(2.1) and (2.3) can be obtained by employing the principle of virtual work for a piezoelectric
medium [28, 29]. For arbitray space-variable and virtual displacements ±ui and virtual electric
potential ±Á, Eqs. (2.1) and (2.3) can be written as,Z
­
(¾i j, jÅ f i¡½u¨i)±ui d­Æ 0, (2.13)Z
­
(D i,i¡ q)±Á d­Æ 0. (2.14)







¾i jn j±ui dSBÅ
Z
­
f Bi ±ui d­¡
Z
­










q±Á d­Æ 0. (2.16)
Substitute the natural mechanical boundary condition Eq.(2.7) and the virtual strain ±Si j




¾i j±Si j d­Å
Z
SB




f Bi ±ui d­¡
Z
­
½u¨i±ui d­Æ 0, (2.17)





)]. Now substitute the natural electrical boundary condition
Eq.(2.9) and the virtual electric field ±E i = -
@Á
@xi
corresponding to ±Á into Eq.(2.16) gives,Z
­






q±Á d­Æ 0. (2.18)
By substituting piezoelectric constitutive Eqs.(2.5) and (2.6) into the principle of virtual
displcament equation Eq.(2.17) and principle of virtual electrical potential equation Eq.(2.18)
the following set of equations is obtained:Z
­
£












f Bi ±ui d­, (2.19)
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By rearranging above equations give,Z
­
CEi jklSkl±Si j d­¡
Z
­










f Bi ±ui d­,
(2.21)Z
­











In piezoelectric materials, no body density charge is assumed to be present [46], therefore, the
last term in Eq.(2.22) is get canceled.
2.3.2 Finite element discritization of piezoelectric equations
Now, by employing the generic finite element discritization with the interpolation functions
denoted as Nu and Nf to evaluate the mechanical displacement vector components u and




where uˆ is the vector of the nodal displacement and fˆ is vector of nodal electric potential of an
element. The nodal displacement vector uˆ for a 3D solid element is given as,
uˆÆ
n
u1 v1 w1 ¢ ¢ ¢ un vn wn
ot
. (2.25)
Similarly, the nodal electric potential vector fˆ is given as,
fˆÆ
n
Á1 Á2 ¢ ¢ ¢ Án
ot
, (2.26)
where n is maximum nuber of nodes in a 3D solid element. The element strain field vector S
and electric field vector E are related to its nodal displacement vector uˆ and electric potential
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[NÁ] fˆÆ¡[BÁ] fˆ (2.30)
Nu and Nf are the interpolation function in the isoparemetric coordinate in a 3D solid
element [27, 28]. Substitution of relations (2.23) and (2.27) into Eq.(2.21)), and Eqs.(2.24)








































where M is the constant mass matrix, Kuu is the mechanical stiffness matrix, Kuf is the
piezoelectric coupling matrix, Kff is the dielectric stiffness matrix, F is the external force
vector, and q is the external electric charge vector. Superscript T stands for transpose matrix.
The interpolation functions for u and f are Nu and Nf, respectively.
2.4 Time integration for piezoelectric finite element
equations
Various implicit and explicit time integration methods are presently in use for piezoelectric
analysis [38]. Here the Newmark’s integration [52] and the central difference method is used.
2.4.1 Newmark time integration for linear dynamic piezoelectric
analysis
In an implicit time integration method (e.g. Newmark’s time integration), the solution of
accelerations, velocities and displacements at each time increment ¢t are evaluated from the
equation of motion at time tÅ¢t. The piezoelectric finite element Eqs.(2.31) and (2.32) are
considered at the time tÅ¢t as
MtÅ¢tu¨ÅKuutÅ¢tuÅKuftÅ¢tfÆ tÅ¢tF, (2.34)
KfutÅ¢tuÅKfftÅ¢tfÆ tÅ¢tq, (2.35)
where tÅ¢tu¨, tÅ¢tu and tÅ¢tf are the acceleration, displacement and potential solution vectors
at time tÅ¢t, respectively. In Newmark’s time integration [52], the current accelerations and
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current velocities in terms of current displacements and past quantities of the same variables















where ¯ and ° are algorithmic parameters that are used to obtain intended stability and accuracy.
Even though Newmark’s time integration is unconditionally stable, numerical instability occurs

















where Kˆuu, tÅ¢tFˆ and C are the effective stiffness matrix, the effective force vector at tÅ¢t
and the structural damping matrix, respectively. The coefficients of the damping matrix C will
be zero is assumed in subsequent formulation and analysis.
2.4.2 Central difference method for linear dynamic piezoelectric
analysis
The linear piezoelectric equation of motion Eq.(2.31) in any explicit time integration method
will be at time t is given by,
Mtu¨ÅKuutuÅKuftfÆ tF. (2.41)
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where ML is a lumped mass matrix. The choice of ¢t is an important parameter in central
difference method to obtain an accurate and stable solution. ¢tÇ¢tcr must be satisfied in order
to achieve a stable solution, where ¢tcr Æ L/Cv is critical time step, L is the effective length




is the wave propagation velocity, E and ½ are Young’s
modulus and the mass density of the material, respectively.
2.5 Coupled algorithms for electric field-structure
interaction in a piezoelectric continuum
In this section, the finite element coupled algorithms to study the interaction between electric
field and structure of a linear piezoelectric effect are presented based on the monolithic coupling
[38], non iterative partitioned coupling, and partitioned iterative coupling [47, 54].
2.5.1 Monolithic coupling with Newmark’s integration (MN)
The monolithic method treats both structural and electric fields in the same mathematical
framework as a single computational entity and solve simultaneously [38]. The Eqs.(2.35) and














The analysis flow of the MN algorithm is shown in Fig. 2.2. The step by step calculation
procedure is that the stiffness matrices Kuu, Kuf, Kff, the effective stiffness matrix Kˆuu and
the consistent mass matrix M are first calculated and the solution is carried out with the initial
values 0u, 0u˙, 0u¨ , 0f and 0F. The factorization of the stiffness matrices are performed in
first time step only. Then the solutions of tÅ¢tu, tÅ¢tf, tÅ¢tu˙ and tÅ¢tu¨, are calculated using
Eq.(2.45)), Eq.(2.36), and Eq.(2.37). This process is repeated following the time marching.
The above equations can also be employed for the static analysis of piezoelectric system in a
monolithic manner by eliminating the inertial effect and time integration. The schematic of this
coupled algorithm is briefly given in Fig. 2.3.
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• Initialize : 0u, 0u˙, 0u¨ and 0f
• Input : ¢t, ¯ and °
• Form : Kuu,Kuf, Kff, and M
• Form : Kˆuu using Eq.(2.39)
Factorization of Kuu, Kff and Kuf
Calculate tÅ¢tFˆ using Eq.(2.40)
Solve for mechanical displacement and electric
potential simultaneously by solving Eq.(2.45)
Calculate new accelerations and







Figure 2.2: Flow chart of the analysis procedure of the MN algorithm
Figure 2.3: Schematic representation of MN algorithm.
2.5.2 Block Jacobi partitioned iterative coupling with Newmark’s
integration (BJN)
In recent years, decomposition methods a.k.a splitting methods has gained popularity in com-
putational analysis of coupled problems. Splitting methods are computational efficient, allow
parallalization techniques, allow different finite elements to solve subsystems independently
[55, 56], large scale problems can be solved, and reusability of existing codes. In particular,
Jacobi and Gauss–Seidel method has attracted attention for the iteration solution of coupled
systems. In the context of coupled systems, the Jacobi and Gauss–Seidel methods are called as
block Jacobi (BJ) or block Gauss–Seidel (BGS) methods [57].
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In block Jacobi method, the simultaneous system of piezoelectric finite element equations
(2.35) and (2.38) are solved separately at each time step iteratively using the solutions obtained
from previous iterations until the convergence criteria is satisfied. Applying the block Jacobi
iteration method to Eqs.(2.35) and (2.38) leads to the BJN coupled algorithm written as [47],
KfftÅ¢tf(i) Æ tÅ¢tq¡KfutÅ¢tu(i¡1), (2.46)
KˆuutÅ¢tu(i) Æ tÅ¢tFˆ¡KuftÅ¢tf(i¡1), (2.47)
where i indicates the current iteration. The schematic of BJN algorithm is briefly given in
Fig. 2.4. The analysis flow of the proposed BJN coupled algorithm is illustrated in Fig. 2.6
where dotted lines indicate iteration process.
Figure 2.4: Schematic representation of BJN algorithm.
The solution for the current electrical potential tÅ¢tf(i) will be derived from the previ-
ous mechanical displacement tÅ¢tu(i¡1). Similarly, the solution for the current mechanical
displacement tÅ¢tu(i) will be obtained from the previous electrical potential tÅ¢tf(i¡1). From
Eqs.(2.46) and (2.47), it is noted that both electrical potential and mechanical displacement
for each iteration in a time step are evaluated from the previous iteration quantities. Since this
method does not require the quantities of current iteration to evaluate both electrical potential
and mechanical displacement for each iteration makes parallelization of subsystems very easy
during the dynamic analysis. The iteration convergence condition is satisfied by comparing
the values of electrical potentials and displacements obtained in the current iteration i with
those obtained in previous iterations i-1. The tolerance condition for electric potential and
mechanical displacement is given as,
kfi¡fi¡1k
kfik · ², (2.48)
kui¡ui¡1k
kuik · ², (2.49)
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where ² is a tolerance parameter. It is important to note that, the factorization of stiffness
matrices is carried only in the first iteration of the time step. The schematic of this algorithm is
briefly given in Fig. 2.4. The equations (2.46) and (2.47) can be used for the static piezoelectric
analysis by eliminating the inertial effect and time integration.
Figure 2.5: Schematic representation of BGSN algorithm.
2.5.3 Block Gauss-Seidel partitioned iterative coupling with
Newmark’s integration (BGSN)
Block Gauss-Seidel iteration method is one of the widely used partitioned iterative coupling
algorithm owing to its simplicity, faster convergence than block Jacobi method. By applying
the block Gauss-Seidel partitioned iterations to Eq.(2.35) and Eq.(2.38) leads to the obtain the
BGSN coupled algorithm for linear dynamic analysis of piezoelectric effect written as follows,
KfftÅ¢tf(i) Æ tÅ¢tq¡KfutÅ¢tu(i¡1), (2.50)
KˆuutÅ¢tu(i) Æ tÅ¢tFˆ¡KuftÅ¢tf(i). (2.51)
The Eqs.(2.46) and (2.50) are the same because the electric potentials are computed using
mechanical displacements obtained in the previous iteration. But Eqs.(2.47) and (2.51)) are in
contrary to each, where the displacement component is evaluated in each iteration of a time
step using the updated/current electric potential obtained in Eq.(2.50). This allows the solutions
in BGSN algorithm to converge faster than BJN algorithm, because the physical quantities are
computed sequentially in the block Gauss-Seidel partitioned iterative method. This algorithm
makes parallelization difficult but tends the solutions to converge faster. The schematic of block
Gauss–Seidel coupling of electric field and structure is briefly given in Fig. 2.5. The analysis
flow of the proposed BGSN algorithm is illustrated in Fig. 2.6.
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• Initialize : 0u, 0u˙, 0u¨ and 0f
• Input : ¢t, ¯ and °
• Form : Kuu,KuÁ, Kff, and M
• Form : Kˆuu using Eq.(2.39)
Factorization of Kuu, Kff and Kuf
Calculate tÅ¢tFˆ using Eq.(2.40)
Block Jacobi with Newmark coupling algorithm:
Solve mechanical displacement using Eq.(2.47),
electrical potential using Eq.(2.46), parallely.
Block Gauss–Seidel with Newmark coupling algorithm:
Solve mechanical displacement using Eq.(2.51),
solve potential using Eq.(2.50), sequentially.
Check convergence
Calculate new accelerations and velocities
















Figure 2.6: Flow of the analysis procedure of the BJN and BGSN algorithms.
2.5.4 Non iterative partitioned coupling algorithm with central
difference time integration(PCD)
In general, partitioned methods treat both structure and electric fields as a single computational
entity and solves the unknown variables separately by transforming interaction effects between
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In PCD algorithm the coupling iterations are not performed in each time step. In this algorithm,
the mechanical displacement solution at time tÅ¢t is obtained by solving Eq.(2.52) using
central difference integration and the electric potential at a time tÅ¢t is solved from Eq.(2.53).
The Eqs.(2.52) and (2.53) are solved separately to obtain tÅ¢tu and tÅ¢tf, respectively. tÅ¢tu is
used to calculate tÅ¢tf. It is observed in Eq.(2.52) that, the tÅ¢tu is based on previous solutions
such as tu, t¡¢tu, tF and tf. The schematic of noniterative partitioned coupling of electric field
and structure is briefly given in Fig. 2.7. The analysis flow chart is illustrated in Fig. 2.8.
Figure 2.7: Schematic representation of PCD algorithm.
• Initialize : 0u, 0u˙, 0u¨ , 0f and 0F
• Form : Kuu,Kuf, Kff, and ML
Factorization of Kff and Kuf
Solve mechanical displacement using Eq.(2.52)
Solve Electrical potential using Eq.(2.53)







Figure 2.8: Flow chart of the analysis procedure of the PCD algorithm.
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Piezoelectric bimorph actuators
Bimroph actuators without
metal shim or Bimorph actuator
Bimroph actuators with metal
shim or Triple layer actuator
Series connection Parallel connection Series connection Parallel connection
Figure 2.9: Classification of piezoelectric bimorph actuators
2.6 Analysis of piezoelectric bimorph actuators
The numerical results obtained using the proposed finite element coupled algorithms for
piezoelectric bimorph actuator is presented here. These piezoelectric bimorph actuators have a
very wide area of applications and recently they have are used to actuate the insect-scale robots
[2, 15].
The piezoelectric bimorph actuators consist of a double layer of piezoelectric ceramic
joined together over their long surfaces. Usually, a metal shim is attached between the two
piezoelectric ceramic in-order to enhance the reliability and mechanical strength. This type of
the piezoelectric bimorph actuator is called as bimorph actuators with metal shim or triple layer
actuator [21]. The classification of piezoelectric bimorph actuators are depicted in Fig. 2.9.
In general, two types of electrical connections are practically used in the configuration of
the bimorph actuator shown in Fig. 2.10. One is a series connection, where the piezoelectric
layers have opposite polarization directions, and an electric field is applied across the thickness
of the bimorph as shown in Figs. 2.10(a) and 2.10(c). The second type of connection is a
parallel connection, where the two piezoelectric ceramic layers have a polarization in the same
directions, and the electric field is applied across each individual layer with opposite polarity as
shown in Figs. 2.10(b) and 2.10(d).
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(a) Bimorph in series connection (b) Bimorph in parallel connection
(c) Triple layer actuator in series connection (d) Triple layer actuator in parallel
Figure 2.10: Different configurations of cantilever piezoelectric bimorph actuators
:piezoelectric layer (PVDF), :metal layer (brass), P " : polarization direction.
(a) Bimorph in series connection (b) Bimorph in parallel connection
(c) Triple layer actuator in series connection (d) Triple layer actuator in parallel
Figure 2.11: Bending in piezoelectric bimorph actuators subjected to external voltages.
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Due to the symmetrical structure, in both the series–and parallel–configurations when an
electric field is applied to the piezoelectric layers, the induced electric forces in the upper half
thickness is canceled by that of the lower half thickness. Hence, for the given configurations in
Fig. 2.10 the upper piezoelectric layer contracts and lower piezoelectric layer expands, resulting
in a pure bending in the upward direction [21, 22]. Length, width and thickness directions of
the bimorph actuator are assigned as X , Y , and Z axes, respectively. Directional parameters of
piezoelectric constants are indicated by the subscripts 1,2, and 3, which correspond to X , Y ,
and Z axes, respectively. The bending effect of piezoelectric bimorph actuator configurations
shown in Fig. 2.10 subjected to external voltages is depicted in Fig. 3.9. The material properties
used in the numerical simulation and theoretical calculation of piezoelectric bimorph actuators
shown in Fig. 2.10 are listed inTable 2.1.















PVDF 0.046 2.30£10¡11 2.0 £109 1800 0.29
Brass - - 110£109 8800 0.35
2.6.1 Bending displacement of piezoelectric bimorph actuators: Theory
The theoretical solutions for the deflection of a piezoelectric bimorph actuator subjected to
external voltage for the configuration shown in Figure (2.10) are as follows.
a) Static deflection of a piezoelectric bimorph actuator without metal shim





where d31 is piezoelectric strain constant, E3 is an electric field in the thickness direction
and tp is the thickness of each piezoelectric layers. u3 reaches the maximum value at X Æ L,
where L is the total length of the bimorph actuator. Therefore, the tip deflection of the bimorph
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For a series connection the electric field is E3 Æ V /2tp and for parallel connection E3 Æ
V /tp. Substituting E3 ÆV /2tp into Eq.(2.55), the tip deflection of bimorph actuator in series





Substituting E3 ÆV /tp into Eq,(2.55), the tip deflection of bimorph actuator in parallel connec-





From Eqs.(2.56) and (2.57), it is noted that with the same geometrical dimensions and under
the same external voltages, the maximum tip deflection which can be achieved in piezoelectric
bimorph actuators connected in parallel is twice of that in piezoelectric bimorph actuators con-
nected in series. Therefore, piezoelectric bimorph actuator connected in parallel is competent.
By using Eqs.(2.56) and (2.57), the theoretical solution of static tip deflection for the
configuration shown in Figs. 2.10(a) and 2.10(b) and using the material properties given in
Table 2.1 for L=100 mm, w=1 mm (width of each layers), tp=0.5 mm and V=1 V are given in
Table 2.2.
Bimorph configuration Static tip deflection ± (mm)
Bimorph actuator in series connection 0.3450
Bimorph actuator in parallel connection 0.6900
Table 2.2: Analytical solution of tip static deflection (L=100mm, w=1mm, tp=0.5mm,
tm=0.1mm, V=1V).
b) Static deflection of a piezoelectric bimorph actuator with metal shim





where Ep is Young’s modulus of piezoelectric layer, Em is Young’s modulus of metal layer,
tp is thickness of each piezoelectric layer, tm is thickness of metal layer and E3 ÆV /2tp for
series connection and E3 ÆV /tp for parallel connection. The thickness of the metal layer has
significant effect on the performance of the triple layer piezoelectric bimorph actuator. For ease
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From the Eqs.(2.58) and (2.59), it is evident that as the metal layer thickness increases, tip
deflection decreases. As mentioned in [21], the thickness ratio B Æ tm/2tp Æ 0.2 is good
enough to reinforce the actuator mechanical strength, resulting a reduction of very small tip
deflection. The piezoelectric bimorph cantilever used in this study had the dimensions of the
length L=100mm, the width w=1mm, and the thickness of each piezoelectric ceramic layers
tp=0.5mm.
In order to choose the thickness of the metal later, a non-dimensional parameter is defined,
¡Æ (1ÅB)(2BÅ1)
AB3Å3B2Å3BÅ1 (2.60)
The effect of metal layer on the tip deflection of bimorph actuator can be determined by plotting
¡ vs. thickness ratio B by varying the tm and fixing the values of L and tp, is shown in
Fig. 2.12(a).
It is clear from the Fig. 2.12(a) that when the thickness ration B=0, i.e., tm=0, t=2tp, the
tip deflection of both series and parallel connections of triple layer piezoelectric actuator is
±=0.345mm and ±=0.690mm respectively, which are in consistent with tip deflection of series
connection and parallel connection of bimorph actuator, respectively as show in Table 2.2. Also,
when B=0.1, i.e., tm=0.1, t=tm+2tp, the tip deflections is ±=0.29891mm and ±=0.59783mm
for series and parallel connections of triple layer piezoelectric actuator, which shows a small
reduction in the tip deflection compared with bimorph actuators satisfying the thickness ratio
criteria is depicted in Fig. 2.12(b) and Table 2.3.
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(a) Normalized tip deflection ¡ vs.B


















Triple layer actuator in series: Theory
B
Triple layer actuator in parallel: Theory
(b) Tip deflection of bimorph actuator with metal shim
vs.B
Figure 2.12: Effect of metal layer thickness on the tip deflection of bimorph actuators
The metal layer thickness tm=0.1 mm is considered based on the parametric analysis which
satisfy the thickness ratio criteria. By using the Eq.(2.58), the theoretical solution of static tip
deflection for the triple layer bimorph actuator shown in Figs. 2.10(c) and 2.10(c) and using
material properties given in Table 2.1 for L=100 mm, w=1 mm (width of each layers), tp=0.5
mm, tm=0.1 mm and V=1 V are given in Table 2.3.
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Triple layer bimorph configuration Static tip deflection ± (mm)
Triple layer actuator in series connection 0.29891
Triple layer actuator in parallel connection 0.59783
Table 2.3: Analytical solution of tip static deflection (L=100mm, w=1mm, tp=0.5mm,
tm=0.1mm, V=1V).
c) Dynamic tip deflection of a piezoelectric bimorph actuator driven by a dynamic
voltage
The dynamic tip deflection of the piezoelectric bimorph cantilever without metal shim is [22],
±dyn Æ
3d31V sin $L sinh $L
4tp2$2(1Åcos $L cosh $L)
, (2.61)












where ! is the frequency of the dynamic voltage, I is the moment of area, ½p is the density
of piezoelectric material, and A is the cross sectional area. By adding the flexural rigidity
and the mass per unit length of the metal layer into the Eq.(2.63) one can obtain theoretical
solution for the dynamic tip deflection of a bimorph actuator with metal shim. In Eq.(2.61),
when the denominator term 1Å cos $L cosh $L becomes zero, the tip deflection goes to
infinity, which indicates the resonance for the bimorph actuator. Moreover, the nominator
term sin $L sinh $L and the denominator term 1Å cos $L cosh $L never reach zero at the
same normalized frequency $. Theoretically, it is well–known fact that for linear systems
without damping, resonance refers to the vibration with an infinite amplitude. Therefore, using
theoretical calculations it is difficult to capture the resonance amplitudes. However, using
Eq.(2.61) one can calculate the dynamic tip displacements at driving voltage frequencies far
away from the resonance frequencies. This effect will be demonstrated in Section 2.6.2.
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c) Bending resonance of bimorph actuators: Theory
a) Bending resonance of bimorph actuator without metal shim
The first bending resonance !(1)r for bimorph actuator without metal shim in series connection








where I is moment of area, A is the cross sectional area, and 1.875 is constant eigenvalue for
first bending mode. Using the material properties of PVDF given in Table 2.1 and dimensions
L=100mm, w=1mm, tp=0.5mm into Eq.(3.57) gives the resonance frequency for first bending
mode
!(1)r Æ 106.988 rad/sec.
b) Bending resonance of bimorph actuator without metal shim








Substituting the material properties of PVDF and brass metal given in Table 2.1 into Eq.(2.65)
gives the resonance frequency for first bending mode in triple layer actuator
!(1)r Æ 103.30 rad/sec.
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(a) M1: 32 elements and 287 nodes
(b) M2: 64 elements and 551 nodes
(c) M3: 160 elements and 1343 nodes
(d) M4: 2560 elements and 15429 nodes
Figure 2.13: Piezoelectric bimorph cantilever Hexa20 FE mesh convergence
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2.6.2 Numerical analysis of piezoelectric bimorph actuator
a) Static tip deflection of piezoelectric bimorph actuators without metal shim
The numerical problems shown in Figs. 2.10(a) and 2.10(b) are analyzed here. The monolithic
coupling, the block Jacobi (BJ) partitioned iterative coupling [47]and block Gauss-Seidel (BGS)
partitioned iterative coupling [47] are employed, where the time integration is not taken into
account, by eliminating the inertial and damping effects. At first, the mesh convergence analysis
is presented for the shown mesh division in Fig. 2.13 using MN algorithm. The number of
elements along length direction (X ), width direction (Y ), and thickness direction (Z) for the
above shown mesh are given in Table 2.4
Table 2.4: Mesh division of piezoelectric bimorph actuator without metal
Bimorph Mesh
Number of Hexa20 elements
Total number of nodes
X direction Y direction Z direction Total
M1 8 1 4 32 287
M2 16 1 4 64 551
M3 40 1 4 160 1343
M4 160 2 8 2560 15429















































(b) Enlarged view near the end (L=98 mm to 100 mm)
Figure 2.14: Bending deformation of the bimorph actuator: Mesh convergence analysis using
MN algorithm
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Table 2.5: Mesh convergence result: Tip deflection at bias voltage V = 1 V





Fig. 2.14 and Table 2.5 summarizes the mesh convergence results analyzed using the
monolithic coupling algorithm at bias voltage V Æ 1 V. The tip displacement relative error in
Table 2.5 is calculated using the theoretical solution given in Table 2.2 for series connection.
The coarse Hexa20 meshes M1 and M2 predicts quite less accurate displacement at the tip
of the cantilever compared to that of fine mesh M3 and very fine mesh M4. But the meshes
M3 and M4 show a similar results. The mesh convergence results shows that the results are
comparable to those from the fine mesh M3 and very fine mesh M4, but the simulation with the
fine mesh M3 required considerably less computational time than the analysis with the very
fine mesh M4. Based on this mesh convergence study, by using the mesh which consists of 160
elements and 1343 nodes.
Fig. 2.15 show the convergence properties of the block Jacobi and block Gauss-Seidel
partitioned iterative algorithms for tip deflection. It follows from these results that, at least 6
iterations are necessary for block Jacobi algorithm and 4 iterations for block Gauss–Seidel
algorithm in order to satisfy the convergence condition of displacement relative error given in
Eq.(2.49). In general, the Gauss–Seidel iteration method tend to converge faster than the Jacobi
iteration method, because Gauss–seidel method uses the most recent solutions of the other
subsystems. The tolerance value used is ²=1£10¡5. Based on the mesh convergence study, 6
iterations in block Jacobi and 4 iterations in block Gauss–Seidel algorithm is used for the static
analysis. Table 2.6 shows the static tip deflection accuracy of the monolithic, block Jacobi,
and block Gauss–Seidel algorithms compared with the theoretical solution for the numerical
problems described in Figs. 2.10(a) and 2.10(b). It follows from these static analyses that the
monolithic, block Jacobi, and block Gauss–Seidel algorithms can solve accurately for the static
bending deflection of bimorph actuator.
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Figure 2.15: Convergence properties of of BJ and BGS algorithms for static bending deflection
Table 2.6: Accuracy of the proposed algorithms: Static tip deflection
Configuration
Tip deflection (mm)
Theory Monolithic Block Jacobi Block Gauss–Seidel
Bimorph in series 0.3450 0.34349 0.34487 0.34487
Bimorph in parallel 0.6900 0.68697 0.69202 0.69202
b) Static tip deflection of piezoelectric bimorph actuators with metal shim
In the analysis of triple layer actuator shown in Figs. 2.10(c) and 2.10(d), the piezoelectric
coefficient constants of the metal layer which is sandwiched between two piezoelectric polymers
are zero because brass is a non-piezoelectric material. Therefore, the metal layer is not polarized,
piezoelectric coefficient matrix eÆ 0 in Eq.(2.33c). It is well-known fact that the electric field
inside a metal is zero (EÆ 0), therefore, a metal is regarded as a medium of infinite dielectric
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The structure and electric mesh of triple layer actuator consists of 1939 nodes and 240 elements.
A large value of dielectric constant is used for the metal layer in the computer program.
The choice of the dielectric constant of the metal layer in the numerical problems shown in
Figs. 2.10(c) and 2.10(d) is based on the parametric study presented in Figure.2.16. It is clear
from the Fig. 2.16(a) that when "11 Æ "22 Æ "33 Æ 1015 F/m, the tip deflection is close to the
theoretical solution. The tip displacement relative error between theoretical solution in Table 2.3
and the numerical solution for "11 Æ "22 Æ "33 Æ 1015 F/m is 0.05 %, shown in Fig. 2.16(b). In
a 64-bit computer memory, the number of significant digit of double-precision floating-point
format is about 15. Therefore, it is sufficient to use the value of the dielectric constant of a
metal close to 1015 F/m.
Fig. 2.17 shows the static bending deformation of the triple layer actuator connected in series
from the theoretical and numerical solutions. The numerical solutions are in good agreement
with the theory. Table 2.7 shows the tip deflection in comparison with the numerical solution. It
follows from these results that the monolithic and partitioned iterative algorithms (block Jacobi
and block Gauss–Seidel) can accurately predict the static characteristics of bimorph actuator














































Theory = 0.2980 µm
Triple layer actuator in series connection


































(b) Relative error v.s dielectric constant of the metal layer
Figure 2.16: Vary dielectric constant of metal layer: Parametric study-Triple layer actuator in
series connection
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Figure 2.17: Static bending deformation of the triple layer actuator connected in series with
bias voltage V = 1 volts
Table 2.7: Static tip deflection of triple layer actuator with L=100mm, w=1mm, tp=0.5mm,
tm=0.1mm, and bias voltage V Æ 1V
Configuration
Tip deflection (mm)
Theory Monolithic Block Jacobi Block Gauss–Seidel
Triple layer actuator in series 0.29891 0.29871 0.29876 0.29876
Triple layer actuator in parallel 0.59783 0.59421 0.59772 0.59772
c) Dynamic analysis of piezoelectric actuators: Response to AC voltage
In general, the central difference time integration method requires ¢tÇ¢tcr. The critical time
step ¢tcr Æ L/Cv for the present bimorph cantilever mesh assemblage is 1.18585ms and a scale
factor of 0.1¢tcr would give ¢tÆ 1.18585£10¡7sec. From the theoretical solution, the natural
period Tr of the first mode of bimorph actuator without metal shim is about 0.05873 s. When
the bimorph cantilever vibrates at its first resonance frequency at least 495,265 steps (step
nt ÆTr/¢t) are essential in order to capture one period [45], which becomes very expensive
computationally [47]. Therefore, all the dynamic analysis of piezoelectric bimorph actuators
have been carried out using MN, BJN and BGSN algorithms.
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(a) Iteration convergence in BJN algorithm

































(b) Iteration convergence in BGSN algorithm
Figure 2.18: Convergence results of BJN and BGSN algorithm for dynamic analysis
The dynamic problem of AC type input is examined. When the applied signal to the bimorph
cantilever beam is of the AC type, the corresponding charge q will be Vsin! t, where V is the
amplitude of the signal, and ! is the angular frequency of the charge q. The accuracy of these
coupled algorithms is dependent on the choice of time increment ¢t. The analysis was carried
at an unconditionally stable and numerically undamped condition (¯Æ 0.25 and °Æ 0.5 ).
In Fig. 2.18, the convergence properties of the partitioned iterative algorithms (BJN and
BGSN algorithms) at different time steps in order to perform dynamic analysis of piezoelectric
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bimorph actuators is presented. As can be seen in the Fig. 2.18(a), after 6 iterations for each
time increment, the solution is converged satisfying the convergence criteria in BJN algorithm
and 4 iterations for each time step in BGSN algorithm. From these results, fixed the number of
iterations to 6 in BJN, and 4 in BGSN to compute the response of bimorph actuator at different
frequencies.
Fig. 2.19 shows the choice of time increment for dynamic analysis at various input fre-
quencies. These results are analyzed for bimorph actuator without metal shim connected in
series, shown in Fig. 2.10(a). The first bending resonance frequency for this numerical example
is !(1)r Æ 106.988 rad/sec which is evaluated using theoretical Eq.(3.57)), discussed in Sec-
tion 2.6.1. When the frequencies of input signals to the bimorph actuator is much smaller or
larger than its resonance frequency, the displacement amplitude computed with all the time
increment approximately coincide with each other as shown in Figs. 2.19(a) and 2.19(c). It
indicates that the influence of time increment ¢t on the deflection is not much significant
compared to that with the resonance frequency. On contrary, a fine ¢t is necessary for input
frequency near resonance [47] to obtain converged solutions as shown in Fig. 2.19(b). This is
because the deflection is very sensitive to the resonance and a fine time increment is necessary
to capture the resonance effect. Therefore, the time increment is chosen as ¢t=(1/100)£(2¼/!)
to obtain the converged vibration amplitudes.
Fig. 2.20 shows some of the vibration characteristics of the bimorph actuator in series
connection to AC signals with different frequencies for input signal V=1 V with BGSN
algorithm. From the results in Fig. 2.20 it is also noted that, for the input frequencies close to
resonance points (!=106.9, 107, 107.1, 107.2 rad/sec), the responses have large amplitudes. In
general, the actuators are very sensitive to the input AC signals whose frequencies are close to
the structure resonance frequency, shown in Figs. (2.20(b))–(2.20(e)). When the frequencies of
input signals to the bimorph actuator is much smaller than its structural resonance frequency
(!=30 rad/sec), the maximum vibration amplitudes of the tip will be approximately equivalent
to the tip deflection when the force is applied statically, shown in Fig. 2.20(a). For input
voltage frequencies away from the resonance (!=110 rad/sec) have very less amplitudes than
frequencies near to the resonance, shown in Fig. 2.20(f). Also, the vibration characteristics with
the BJN algorithm is similar to the BGSN algorithm except the number iterations used in each
time step. In Ref [47], author presented the AC responses of the same numerical problem using
the MN algorithm. All the algorithms show a good agreement with each other.
42























(a) ¢t for frequencies much smaller than resonance














































(c) ¢t for frequencies much larger than resonance
(away from resonance)
Figure 2.19: Time increment for the transient dynamic analysis with the BGSN algorithm
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Figure 2.20: AC response of the bimorph actuator in series connection at different frequencies
with the BGSN algorithm.
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ω = 107.10 rad/s
Figure 2.21: Summary of amplitudes of the responses to different input frequencies with the
BGSN algorithm and theory for a bimorph actuator in series connection



























ω = 103.3 rad/s
Figure 2.22: Summary of amplitudes of the responses to different input frequencies with the
BGSN algorithm and theory for a triple layer actuator in series connection
Fig. 2.21 summarizes the amplitudes of the response to the input signals with the different
frequencies for the numerical problem in Fig. 2.10(a) analyzed with the BGSN algorithm and
compared with the theoretical solution using Eq.(2.61). As described in Section 2.6.1, the
theoretical solution calculated using Eq.(2.61) takes infinite amplitude at the resonance !(r)1
= 106.99 rad/sec. Using the BGSN algorithm, the peak appears at the input signal frequency
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!=107.1 rad/sec. The increment of frequency used in the numerical solution near resonance
points is ¢!= 0.1 rad/sec. Good agreement can be seen in the location of resonance frequency
and tip peak amplitudes except at resonance points between the numerical solution and the-
ory.Fig. 2.22 shows the profiles of the tip amplitudes of the responses analyzed with BGSN
algorithm and theoretical solution for the triple layer actuator described in Fig. 2.10(c). From
this response curve, one can see that the larger amplitudes can be found in the location of
resonance frequency !(r)1 = 103.30 rad/sec. Again, the numerical results and theoretical solution
show good agreement with each other.
d) Dynamic analysis of piezoelectric actuators: Response to step voltage
The numerical problems described in Fig. 2.10 dynamic problem are examined. The numerical
parameters ¯ and ° in Newmark’s time integration method are used to introduce the amount of
positive numerical damping into the system.
• For °Æ 1/2 and ¯Æ 0.25£ (°Å0.5)2 Æ 0.25 there is no numerical damping.
• When °¸ 1/2 a positive numerical damping is introduced into the system.
– Example: °Æ 0.6 and ¯Æ 0.25£ (°Å0.5)2 Æ 0.3025.
When a bimorph actuator is actuated introducing positive numerical damping into the system
with a step input bias voltage, the steady-state response of the tip deflection is equal to
the theoretical solution for the static deflection. The values of ¯ and ° for Newmark’s time
integration are chosen as ° Æ 0.6 and ¯ Æ 0.25£ (°Å0.5)2 Æ 0.3025, respectively, to obtain
steady state equilibrium after a long time interval. The piezoelectric bimorph actuator described
in Fig. 2.10 are driven by a step voltage V=1 V and analyzed using MN, BJN, and BGSN
coupled algorithms. The time increment ¢t is chosen as 1.0£10¡3 sec. The number of iterations
used for BJN and BGSN algorithm is 6 and 4, respectively, which are determined based on the
discussion in Section 2.6.2.
Fig. 2.23 shows the step response of the bimorph actator without metal shim analyzed using
MN algorithm with numerical parameters °Æ 0.5 and ¯Æ 0.25, and °Æ 0.6 and ¯Æ 0.3025.
As shown in this result, by introducing a positive numerical damping the output tip oscillations
reaching a steady-state value, while the undamped condition shows harmonic tip oscillations.
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and β = 0.3025 (Numerically damped)
γ = 0.5
γ = 0.6
Figure 2.23: Step response of numerical example in Fig. 2.10(a) to input step bias V=1volt
under positively damped and undamped condition
Fig. 2.24 shows the step response of numerical problems in Fig. 2.10 to input step bias
V=1volt with numerical parameters °Æ 0.6 and ¯Æ 0.3025. The tip deflections in the steady
state equilibrium is very close to the theoretical static tip deflection of their respective configu-
rations as shown in Table 2.8. As discussed in Section 2.6.1, the maximum tip deflection which
can be achieved in piezoelectric bimorph actuators connected in parallel is twice of that in piezo-
electric bimorph actuators connected in series with the same geometrical dimensions and under
the same external voltages. This is because the electric field in the parallel connection is twice
that of series connection. A same trend can be observed between Figs. 2.24(a) and 2.24(b), and
Figs. 2.24(c) and 2.24(d). This indicates that the MN, BJN, and BGSN algorithms accurately
capture the step responses of all the numerical examples shown in Fig. 2.10.
Table 2.8: Comparison of steady–state tip deflection with the static tip deflection at bias voltage







Bimorph in series 0.34436 0.34500 0.184
Bimorph in parallel 0.69201 0.69000 0.293
Triple layer in series 0.29806 0.29891 0.284
Triple layer in parallel 0.59910 0.59783 0.213
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(a) Step response of bimorph actuator in parallel




























(b) Step response of bimorph actuator in series




























(c) Step response of triple actuator in parallel




























(d) Step response of triple layer actuator in series
Figure 2.24: Step response of numerical examples in Fig. 2.10 to input step bias V=1 V under
positively damped condition (°Æ 0.6 and ¯Æ 0.3025)
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2.7 Analysis of surface acoustic wave (SAW) problem
The purpose of considering surface acoustic wave (SAW) problem is to validate the PCD
algorithm with MN, BJN, and BGSN algorithms for high–frequency MEMS applications.
Piezoelectricity is also extensively employed in the fabrication of MEMS based surface acoustic
wave devices. Wave propagation can be achieved in a beam using piezoelectric actuators and
sensors. In general, these SAW devices are operated at resonance condition, at the very high
bias voltage. The piezoelectric beam used in this study had the dimensions of the length 5
mm, width 1.5 mm and thickness 1mm. The width and gap between the comb type interdigital
transducer (IDT) electrode is 100 mm. The bottom surface and the end near IDT is fixed. The
AC bias voltage is applied to the interdigital transducer located at the fixed end of the actuator
as shown in Fig. 2.25. The mesh of the beam consists of 3195 nodes and 500 elements where
hexahedron elements with 20 nodes were used for simulation. The piezoelectric beam made
of Lithium niobate LiTiO3 has Young’s modulus ELiTiO3=200 GPa and mass density of 4700
kg/m3. Surface acoustic waves can be generated and detected by interdigital transducer (IDT)
electrodes located on the plane surface of a piezoelectric beam.
2.7.1 Calculation setup
The critical time increment for the finite element assemblage shown in Fig. 2.25(b) is¢tcr=1.58£10¡8sec.
The first resonance mode of the problem is !(1)r Æ 60.3£106 rad/sec and its natural period is
Tr=1.0421£10¡7 sec. The time increment ¢t is chosen as 2.604£10¡9 sec for all the coupled
algorithms, which satisfies the condition ¢tÇ¢tcr . The values of ¯ and °, appear in MN, BJN,
and BGSN algorithms are chosen as ¯Æ 0.5 and °Æ 0.25. The number of iterations required
in BJN and BGSN for this problem is 13 and 9, respectively, which satisfies the convergence
criteria of relative error. A sinusoidal input AC voltage is applied to these comb-type electrodes.
The model is actuated at its resonance frequency ! =60.3£106 rad/sec, at an amplitude of input
voltage V=125 V for all the coupled algorithms.
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(a) 3D model of SAW numerical problem
(b) Mesh model:Hexahedron 20 node element
Figure 2.25: Surface acoustic wave (SAW) with Inter-Digital-Transducer (IDT)
2.7.2 Results and discussion
Fig. 2.26 shows the response of the SAW made of a piezoelectric beam for the AC signals.
The results obtained are compared in Fig. 2.26 with the response using the MN, BJN, BGSN,
and PCD. As can be seen in Fig. 2.26, as the time progress, the amplitude of the displacement
increases along the length direction, hence it generates an acoustic wave. The displacements
coincide with all the coupled algorithms at the initial time interval as shown in Fig. 2.26(a). The
amplitudes with MN, BJN and BGSN algorithms visually coincides at all the time intervals.
However, a small difference is seen between partitioned coupling with central difference (PCD)
and other algorithms after natural time. The propagation of surface acoustic wave at different
time interval is shown in Fig. 2.27 for PCD algorithm. At time t=15.63£10¡9sec, the maximum
displacement is observed between the length X=0 to 1000 mm, as shown in Fig. 2.27(a). As the
time progress, the displacements can be seen along the entire length of the piezoelectric beam.
In fact, the computing cost makes PCD more feasible, whereas MN, BJN, and BGSN would be
expensive, demonstrated in Section 2.8.2.
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(a) Z displacement at t=15.63 £10¡9sec



























(b) Z displacement at t=260.5 £10¡9sec

























(c) Z displacement at t=651.3 £10¡9sec

























(d) Z displacement at t=963.4 £10¡9sec
Figure 2.26: Excitation of SAW with AC voltage of 125.0 sin 60.3£106 t V
51
CHAPTER 2. PARTITIONED ITERATIVE COUPLING ALGORITHMS TO STUDY
ELECTRO–MECHANICAL COUPLING OF A LINEAR PIEZOELECTRIC EFFECT
(a) t=15.63£10¡9sec (b) t=260.5£10¡9 sec
(c) t=651.3£10¡9 sec (d) t=963.4£10¡9 sec
Figure 2.27: Propagation of surface acoustic wave using the PCD algorithm
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2.8 Computing cost of the MN, BJN, BGSN and PCD
algorithms
2.8.1 Low frequency operating piezoelectric bimorph actuators
The computational efficiency of the numerical finite element coupled algorithms is a great con-
cern from the viewpoint of practical usage during dynamic analysis. Therefore, it is compared
based on the numerical results made under the conditions of the time increment ¢t satisfying
the convergence of the solution. The comparison is made between algorithms employed to
perform dynamic analysis of piezoelectric bimorph actuators described in Fig. 2.10(a). This
actuator is basically a low–frequency operating MEMS device. The analysis was carried using
a computing environment with Intel (R) Xeon(R) 2.33GHz processor.
The results in Table 2.9 indicates that the MN algorithm is computationally expensive than
BJN and BGSN at the first time step [47]. This is because in MN algorithm both the structural
and the electrical fields are solved in a single mathematical framework simultaneously, but
in the case of BJN and BGSN algorithm, the structural and the electrical fields are solved
separately thereby reducing the computational cost. As a consequence, the computing time
for the first-time step is very high for MN algorithm, but it is very less in BJN and BGSN
algorithms. Because of the linear dynamic analysis problem, the factorization of stiffness
matrices is performed only for the first iteration of first time step in both of the BJN and BGSN
algorithms, whereas in the MN algorithm factorization of stiffness matrices are performed only
for the first time. Therefore the computing cost in the first iteration of the first time step in
both the BJN and BGSN algorithm is large compared to that of the subsequent iterations. After
first time step in MN, and after the first iteration in the first time step in BJN and BGSN, the
computational time reduces and posse same computing time as shown in Table 2.9 because the
coupled algorithms reuse the factorized stiffness matrices in the case of a linear analysis.






iteration i=1 i=2 i=1 i=2
nt=1 47.02 3.93 0.11 3.93 0.11
nt=2 0.11 0.11 0.11 0.11 0.11
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Fig. 2.28 shows the computing time for MN, BJN and BGSN algorithms. BJN and BGSN
algorithms cross the MN curve at 0.12 sec and 0.3 sec, respectively, as shown inside the blue
dotted circle. Therefore, in the linear dynamic piezoelectric bimorph actuator analysis, MN
algorithm is efficient. If only 1 iteration is used for each time step in BJN and BGSN algorithm,
the computing time between the MN, BJN and BGSN algorithms would be similar to each
other. Using the results in Table 2.9, the computing time for the nonlinear case where the
factorization of stiffness matrices is done at each time steps can be estimated. As shown in
Fig. 2.28(b), the results indicate that, for nonlinear dynamic analysis of piezoelectric bimorph
actuators, BGSN algorithm is most efficient with regard to computational cost.

















































(b) Nonlinear piezoelectric dynamic analysis (estimated)
Figure 2.28: Computing cost of the MN, BJN and BGSN algorithms for analyses of piezoelectric
bimorph actuator
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2.8.2 High frequency operating SAW device actuated by piezoelectric
actuators
Here the computational efficiency of the MN, BJN, BGSN and PCD algorithm for SAW device
actuated by piezoelectric actuator is presented. Table 2.10 shows the computational time for
each time step for all the MN, BJN, BGSN and PCD algorithm. The computing time in the
first time step with MN algorithm is expensive compared to others and also PCD algorithm has
the least computing time in the first time step as well as subsequent time steps compared with
others. Note that, in PCD algorithm the structural field is solved using central difference time
integration, where the factorization of stiffness matrices is not necessary, but electric field is
obtained from a simultaneous equation, where the factorization of stiffness matrices is done
in the first time step only. Therefore, the computing cost is very less in the PCD algorithm
than MN, BJN and BGSN algorithms. In BJN and BGSN algorithms, the computing time is
high at the first iteration of a first-time step, after the first iteration of first time steps the cost is
same with the MN algorithm. Fig. 2.29 shows the total computing time with all the coupled
algorithms. The BJN and BGSN algorithms cross the MN curve because more iterations are
necessary to achieve convergence, and PCD is very efficient compared with other algorithms.
From these results, I conclude that the PCD algorithm is computationally efficient than
MN, BJN, and BGSN coupled algorithms for linear dynamic analysis of a high–frequency
MEMS piezoelectric actuator. These coupled algorithms can be used in high–frequency MEMS
piezoelectric actuator applications.






i=1 i=2 i=1 i=2
nt=1 594.85 44.8 1.85 44.8 1.85 1.34
nt=2 1.85 1.85 1.85 1.85 1.85 0.46
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BJN : 13 iterations/time step
BGSN : 9 iterations/time step









Figure 2.29: Computing cost of MN, BJN , BGSN and PCD algorithms for high–frequency
MEMS actuator - SAW
2.9 Conclusions
In this section a detailed and systematic performances evaluation of the MN, BJN, BGSN and
PCD numerical finite element coupled algorithms based on their solution accuracy and compu-
tational efficiency to analyze the electro–mechanical coupling or structure-electric interaction
in piezoelectric bimorph actuators with different configurations and their transient dynamic
responses as well as the static and steady state responses are demonstrated. This comprehensive
study can be of important for computer aided modeling and analysis of piezoelectric actuators
and to assist designers of piezoelectric actuators in resonance MEMS devices of complex
geometries.
High accurate solutions are obtained using the proposed linear piezoelectric finite element
coupled algorithms to analyze linear structure-electric interaction in a 3D piezoelectric actuator.
A same level of accuracy was obtained using the MN, partitioned iterative coupling algorithms
(BJN and BGSN) to analyze the static deflection of various piezoelectric bimorph actuators.
The step responses and the resonance characteristics of the piezoelectric bimorph actuators is
predicted accurately with the MN, BJN, and BGSN algorithms. As shown in the present results,
a fine time increment is necessary to obtain converged solutions of transient dynamic responses
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for input voltage frequencies near resonance. In the linear dynamic analysis of low–frequency
devices such as piezoelectric bimorph actuators, the MN algorithm is computationally efficient
than BJN and BGNS algorithm, but in the nonlinear dynamic analysis, BGSN algorithm is
most efficient with regard to computational cost and the MN algorithm is very expensive.
In the analysis of high–frequency piezoelectric actuators in surface acoustic wave devices,
a same level of accuracy is obtained with the PCD, MN, BJN, and BGSN algorithms. In the
linear dynamic analysis of high–frequency actuators, the PCD algorithm is computationally











A NOVEL TRANSFORMATION METHOD TO ANALYZE THE
ELECTRIC–STRUCTURE INTERACTION IN A THIN
FLEXIBLE PIEZOELECTRIC BIMORPH
3.1 Introduction
Piezoelectric bimorph actuators and sensors generally consist of two or three electrodes at the
top, mid-surface (interface between the two piezoelectric layers) and bottom surfaces which are
modeled using electric potential variables enabling to apply an electric field or to obtain sensor
signals, respectively. These electrodes are conventionally made of the metal coating. Generally,
the nodes with the electric degree of freedom (DOF) at the top, bottom and mid-surfaces of a
piezoelectric bimorph FE model are regarded as an electrode
In the piezoelectric bimorph actuator function, typically an electric potential is applied
between the top, interface and bottom electrodes (see Fig. 3.1(a) and (b)). Thus, the loading
is caused by an applied electric potential across the thickness. This results in a pure bending
of the structure, where the electric potential varies almost linearly in the thickness direction
[37, 43, 59]. Usually, two different electric configurations are used in the piezoelectric actu-
ator application [21, 22, 60]. One is a series connection in which the piezoelectric bimorph
layers are usually polarized oppositely and the top electrode has applied a potential while the
bottom electrode is set to zero representing grounding, shown in Fig. 3.1(a). The other is a
parallel connection in which the piezoelectric layers are polarized parallel and both the top and
bottom electrodes have applied a potential while the interface electrode is grounded, shown
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Figure 3.1: Schematic of the electrical configurations of a piezoelectric bimorph cantilever
FE model; a) bimorph actuator in a series configuration, b) bimorph actuator in a parallel
configuration, c) bimorph sensor in a closed circuit configuration, d) bimorph sensor in a
active–sensory mode configuration, e) bimorph sensor in a partial open circuit, f) bimorph
sensor in a full open circuit. P refer to polarization.
in Fig. 3.1(b). For the above mentioned electric configurations, the actuator surface becomes
equipotential electrodes [61] wherein electric potentials have known prescribed values. This
leads to a nearly linear variation of the electric potential across the thickness.
On the other hand, in the piezoelectric sensor mode, when some mechanical force is applied
to the piezoelectric continuum, some electric voltage is induced in the piezoelectric material.
Commonly, four types of electric configurations are employed, namely, closed circuit, closed
and open circuit, partial open circuit, and full open circuit configuration. In the closed circuit
configuration, the electric potentials of both the top and bottom electrodes are grounded (electric
potentials have known prescribed values at all the nodes of both the top and bottom surfaces
as shown in Fig. 3.1(c). In the closed and open circuit configuration, the bottom electrode is
grounded while the top electrode is open, this configuration is also known as active–sensory
mode connection [61] wherein the electric potentials have known set values at the nodes of
the bottom surface while the electric potentials are unknown at the nodes of the top surface
as shown in Fig. 3.1(d). In the partial open circuit connection, the piezoelectric surfaces are
directly exposed to the mechanical loading, but, to avoid unstable and floating electric potential
distribution electrodes are deposited at the end of the piezoelectric layers and connected to the
ground as shown in Fig. 3.1(e). In the full open circuit, the electrodes at the top and bottom
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surface are open (potentials are unknown at all the nodes of the top and bottom surfaces as
shown in Fig. 3.1(f), a typical case in many piezoelectric energy harvesting [3, 13, 14]. Either
series or parallel polarization can be used. In the work of Benjeddou [29, 62, 63], Kogle &
Bucalem [37, 64], Wang [43], and Fernandes & Pouget [59], it is demonstrated that only
a quadratic variation of the electric potential over the thickness can takes into account the
potential induced by the bending dominant deformation in a piezoelectric bimorph sensor
mode.
There is a growing need for numerical methods to analyze both the actuation and sensing
function of electro–mechanical coupling in a piezoelectric continuum using finite element
methods. A number of researchers have analyzed piezoelectric bimorph cantilever in MEMS
devices using the FEM [7, 9, 12, 47]. It is imperative to develop a finite element formulation
which can takes into account both actuator and sensor effect of a thin layered piezoelectric
bimorph. At the same time, FE formulation must takes into account almost a linear variation
of the electric potential across the thickness in a piezoelectric actuator mode and a nearly
quadratic variation of induced electric potential across the thickness in a piezoelectric sensor
made of a thin layered piezoelectric bimorph.
The development of finite elements for the analysis of piezoelectric systems was first
presented by Allik and Hughes [28]. More details regarding the piezoelectric finite elements,
such as piezoelectric solid, shell, plate, and beam elements, can be found in the survey by
Benjeddou [29]. This survey discusses a wide range of studies in which different piezoelectric
solid elements have been used to analyze electromechanical coupling [8, 28, 30–36, 65, 66]. The
electric potential is quadratic in a piezoelectric solid element proposed in Refs. [30, 36, 65, 66]
except [28, 31–35] for which it is linear. Multi–layered linear solid elements over the thickness
direction can treat a quadratic variation of the electric potential across the thickness. The major
advantages of using the 3D piezoelectric solid elements in the analysis of electromechanical
coupling are that they can correctly takes into account the electric charge distribution on both the
top and bottom surfaces and accurately represent the linear or quadratic variation of the induced
electric potential along the thickness direction. Most importantly, all the above discussed
electric configurations of both the actuator and sensor functions can be easily achieved with
the 3D solid elements. However, the piezoelectric solid finite elements presented therein are
inappropriate for the discretization of the structure in thin-layer MEMS actuators and sensors
[67–69]. The computing cost of using solid elements to perform the structural analysis is larger.
Since MEMS piezoelectric composites are composed of thin layers and undergo large
deformations, shell elements are very well suited for the structural discretization of these
structures. Shell elements yield more accurate results than solid elements in terms of the
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Figure 3.2: Field decomposition of the structure–electric interaction using different types of
finite elements.
dominant bending deformation. Furthermore, the computing cost of using shell elements to
perform the structural analysis of these composites is much less than that of using solid elements.
The finite element formulation of the shell elements for the geometric nonlinear analysis of thin
structures is well established [70–72]. Shear locking in the shell can be eliminated by using
the mixed interpolation of the natural strains (MITC) approach [71–73]. However, modeling
the electric contribution in the discretization procedure is a challenging task when using the
conventional formulations of shell elements.
Only a few studies using the piezoelectric shell elements [67, 74, 75] were reported in the
survey by Benjeddou [29]. Some recently developed piezoelectric shell elements [37, 63, 76–
78] have shown incompatible approximation spaces for the electrical fields, particularly in
bending-dominated problems, as discussed in previous reports [79, 80]. Many piezoelectric
shell elements are limited to actuator applications (see e.g.[81–83]), so that it can not be used
to analyze the piezoelectric sensor function. Numerous piezoelectric shell element formulations
[67, 78, 79, 84, 85] assumes a linear variation of the electric potential over the thickness,
this limits the applicability of the elements to a certain loading condition only, because the
induced electric potential by the bending deformation is quadratic in the piezoelectric sensor
mode. Some piezoelectric shell elements [37, 67, 79, 84–86] can be used to model both the
actuator and sensor mode, provided one or two equipotential electrodes in the piezoelectric
actuator and sensor surfaces. However, they are limited to a certain electric configuration
because they require the equipotential electrodes at the top and bottom surfaces. Since the
electric potential serves as unknowns in an active–sensory configuration, they are modeled with
a linear variation of the electric potential through the thickness [79], which leads to quite a
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wrong solution because the electromechanical coupling would be partial and would neglect the
induced potential in sensor mode, as discussed in [29].
A few piezoelectric shell elements in Refs. [37, 63, 76, 86] uses a quadratic variation of
electric potential over the thickness in the multi–piezoelectric layer structures for both the
actuator and sensor analysis, provided at least one equipotential electrode in the piezoelectric
actuator and sensor surfaces. In the formulations of Lammering & Mesecke–Rischmann [76],
the electrodes located at the laminate interface are assumed to be grounded for both the actuator
and sensor modeling, therefore limiting to certain electric configurations. The above-mentioned
shortcomings of the piezoelectric shell elements related to the electrical field discretization can
be treated using the 3D solid elements.
In this study, the best features of solid and shell elements were combined to analyze
the electrical and mechanical fields of the piezoelectric effect in a thin-layer piezoelectric
bimorph actuators and sensors. Importantly, the monolithic constitutive equations describing
the piezoelectric effect were decomposed into the electrical and structural fields, enabling the
use of different elements to solve the different fields. Field decomposition [44] enables the use
of solid elements for electrical analysis and shell elements for structural analysis, as shown
in Fig. 3.2. Since the electric field is solved using solid elements, the induced electric forces
and the moment of these forces must be transformed into externally applied forces acting on
to the shell elements to analyze the mechanical field. Conversely, because the structural field
is solved using shell elements, the displacements obtained from the structural analysis of the
shell elements must be transformed to the solid elements. Therefore, this paper proposes a
novel transformation method for the electric force, the moment of the electric force, and the
displacement transformation to exchange the variables between solid and shell elements in the
piezoelectric analysis.
In the present work, the BGS partitioned iterative coupling scheme [47] was used to apply
the two types of finite elements (the solid elements for the electrical analysis and the shell
elements for the structural analysis) in the developed transformation method. Two approaches
to analyzing the dynamic and static behavior of the piezoelectric continuum are proposed using
our transformation method. In the first approach, a full N–R iteration loop is executed inside
the BGS loop; therefore, many N–R iterations are executed in each BGS iteration. In contrast,
in the second approach, only one N–R iteration is executed in each BGS iteration, i.e., the BGS
iteration loop and the full N–R iteration loop are unified in a single loop.
In summary, different from the previous methods, the proposed method can model both
the actuator and sensor effect in a thin-layer piezoelectric bimorph beam for any electrical
configurations with a quadratic variation of the electric potential across the thickness, a novel
63
CHAPTER 3. A NOVEL TRANSFORMATION METHOD TO ANALYZE THE
ELECTRIC–STRUCTURE INTERACTION IN A THIN FLEXIBLE PIEZOELECTRIC
BIMORPH
transformation method between the solid and shell elements accurately takes into account the
electromechanical coupling for both the actuator and sensor mode and the field decomposition
allows users to reuse the existing finite elements and its extensibility for multiphysics problems.
The stability and accuracy of the two approaches are presented for a standard series-type
and parallel type piezoelectric bimorph actuator. A sensor function is demonstrated for a
piezoelectric bimorph with a closed circuit, combination of open and closed circuit, partial
open circuit, and fully open circuit configurations.
3.2 Formulation of a nonlinear electric–structure
interaction using a transformation method
In this section, the linear finite element equations of the piezoelectric effect given in Section
2.3 are extended to the geometric nonlinear case. The linearized incremental form of the
principle of virtual work described by Bathe [53, 87] for the nonlinear analysis of the structure
is considered in this section. In Chapter 2, both the electric field and structure are analyzed
using solid elements for the linear piezoelectric effect. But here, electric field is analyzed using
3D solid elements and structure using shell elements. By rewriting the linear piezoelectric finite
element equations (2.50) and (2.51)
KfftÅ¢tf(b) Æ tÅ¢tq¡KfutÅ¢tu(b¡1), (3.1)
KˆuutÅ¢tu(b) Æ tÅ¢tFˆ¡KuftÅ¢tf(b), (3.2)
where b indicates the current BGS iteration. In this chapter, index b is used instead of i to
indicate the BGS iteration.
The general expressions of the linearized coupled equations for the nonlinear structure–
electric interaction in the piezoelectric effect are given as follows.
3.2.1 Discretization of the electric field using 3D solid elements
The electrical field is discretized using solid elements to analyze the nonlinear piezoelectric
effect as,
tÅ¢tK(b)ff
tÅ¢tf(b) Æ tÅ¢tq¡ tÅ¢tK(b)fu tÅ¢tu(b¡1). (3.3)
The solution for the electric potential tÅ¢tf(b) in Eq.(3.3) in each iteration is derived from the
mechanical displacements tÅ¢tu(b¡1) of the previous iteration. It is important to note that, in the
linear dynamic analysis problem the evaluation and factorization of electric stiffness matrix Kff
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and the piezoelectric coupling coefficient matrix Kuf is performed only for the first iteration
of first time step. But, in the nonlinear dynamic analysis of electric field the evaluation and
factorization of electric stiffness matrix Kff and the piezoelectric coupling coefficient matrix































































Figure 3.3: Schematic of a four–node shell element
The large deformation formulation to capture the geometric nonlinear effects of the shell
element is performed effectively by the use of an incremental formulation of the equations of
motion. Here, the geometry of the shell is interpolated at time t using the nodal coordinates,
txki , and director vectors









ak hktV kni, (3.5)
with
txi = Cartesian coordinates of any point in the element at time t.
txki = Cartesian coordinates of nodal point k at time t.
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hk = Two dimensional interpolation functions corresponding at nodal point k.
tV kni = Director vector at each node k along isoparametric coordinate r3 at time t.
ak = Shell thickness at node k along director vector tV kni. Italic indices k =1, 2, 3, 4 are the
nodes in the mid-surface of the shell element.
The displacements, tui, and incremental displacements, ui of a material particle in a shell


















akhk (¡tV k2i®kÅtV k1i¯k), (3.7)
with tui = The displacements of a particle of the shell element at time t.
tuki = Nodal point displacements into the Cartesian coordinate direction at time t.
tui = The incremental displacements of a particle of the shell at time t.
uki = Nodal point incremental displacements at time t.
tV k1 ,
0V k2 = Vector normal’s to the director vector
tV kn at each node at time t.
®k,¯k = Rotations of the director vector about tV k1 and
0V k2 respectively. In the framework of
the isoparametric concept, the geometry and displacements are interpolated by using same shape
functions. In shell elements, the two dimensional bilinear interpolation functions corresponding




Total Lagrangian (T.L) formulation is employed to solve for the static and kinematic variables
of the body at time tÅ¢t where in these variables are referred to the initial configuration at






0S˜ i j d
0­ÆtÅ¢t R, (3.9)
where tÅ¢t0¾˜
i j are the contravariant components of the 2nd Piola-Kirchhoff stress tensor at
time tÅ¢t but referred to the configuration at time 0 (initial configuration), the tÅ¢t0S˜ i j are the
covariant components of the Green-Lagrange strain tensor at time tÅ¢t but referred to the
configuration at time 0. The 2nd Piola–Kirchhoff stress tensor tÅ¢t0¾˜
i j and Green–Lagrange








tÅ¢t¿mn 0tÅ¢tx j,n (3.10)
tÅ¢t
0S˜
i j Æ 1
2
(tÅ¢t0ui, jÅ tÅ¢t0u j,iÅ tÅ¢t0uk,i tÅ¢t0uk, j), (3.11)
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where xi is the shell position vector and ¿i j is the Cauchy stress tensor. The virtual work of the












where tÅ¢t f Bi ,
tÅ¢t f Si are real body forces over the volume ­ at time tÅ¢t and surface forces
over the surface S at time tÅ¢t, respectively, ±ui is virtual displacements and ±uSi is virtual
displacements on the surface. By imposing these virtual displacements to the Eq.(3.12) can
solve for tÅ¢tR. The L.H.S of Eq.(3.9) is integrated over a known volume 0­ and incrementally
decomposing tÅ¢t0¾˜
i j and tÅ¢t0S˜ i j as shown in [72] i.e.
tÅ¢t
0¾˜
i j Æ t0¾˜i jÅ0 ¾˜i j (3.13)
tÅ¢t
0S˜
i j Æ t0S˜ i jÅ0 S˜ i j (3.14)
where t0¾˜
i j and t0S˜
i j are known 2nd piola-Kirchhoff stress and Green-Lagrange strains, respec-
tively, 0¾˜i j and 0S˜ i j are unknown incremental 2nd piola-Kirchhoff stress and Green-Lagrange
strains, respectively [72]. The term 0S˜ i j is given by the combination of linear strain increment
0e˜i j and nonlinear increment strain 0 ˜´ i j, hence
0S˜ i j Æ0 e˜ i jÅ0 ˜´ i j (3.15)
By linearizing 0¾˜i j gives 0¾˜i j = 0C˜
i jkl
0 e˜kl and ±0S˜
i j Æ ±0 e˜ i j, where 0C˜ i jkl is the contravaiant
constitutive tensor in the convicted coordinates. Using these relations and substituting the
equations from Eqs.(3.13) and (3.15) into Eq.(3.9) gives a complete linearized equation of
















i j±0 e˜i jd
0­. (3.16)
Equation (3.16) is the completely linearized equation of motion in T.L formulation and it is the
basic equation used for the isoparametric formulation of finite element analysis. The element
matrices of the structure are obtained using this equation. Mixed interpolation of tensorial
components (MITC) approach [71–73] is used to avoid the shear locking in the shell. Using
Eqs. (3.5)–(3.7) the linearized equation of motion Eq.(3.16) becomes,





0F are incremental displacements, linear incremental stiffness ma-
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0sˆ are linear strain–displacement matrix,
nonlinear strain displacement matrix, an incremental material constant matrix, 2nd Piola-
Kirchhoff stress matrix and vector of stresses, respectively, and all corresponding to the
configuration at time t but referred to the initial configuration i.e. time 0. The detailed derivations
of the element matrices for the shell elements used in this work can be found in Ref. [87]. In
dynamic analysis an inertial term will be added to the equation (3.17) and
( t0KLÅ t0KNL)uÆ tÅ¢tR¡ t0F¡MtÅ¢tu¨ (3.21)
where M is the consistent mass matrix calculated at time 0 and tÅ¢tu¨ is a vector of the nodal
point accelerations at time tÅ¢t and this acceleration will be approximated using Newmark’s
time integration scheme. Structural damping effect has been ignored in our analysis (matrix
CÆ 0).
The above equation is only an approximation to the principle of virtual work Eq.(3.9) to be
solved in each time step. Because of the nonlinearities, the linearization of equation (3.16) may
introduce errors resulting in an instability in the solution. For accurate and better solution of
nonlinear finite element equation, some forms of Newton-Raphson iteration schemes are used
within each load steps [88]. In this study, nonlinear iterations corresponding to a full Newton–
Raphson iteration within each load step is used. Newmark’s time integration is employed to
solve the equation of motion. In a nonlinear analysis at time tÅ¢t, the equilibrium equation be










In the case of nonlinear static analysis the inertial term will be neglected from above equation.









¢ÆtÅ¢t R˜¡u¤¢¡ tÅ¢t0F¡u¤¢ (3.25)
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In the above equations u¤ is a solution vector and each row in the vector corresponds to each












¸¡tÅ¢tu(k)¡tÅ¢tu(k¡1)¢Åhigher order terms (3.26)
where roman indices kÆ 1,2,3....m are employed to describe the full Newton–Raphson it-
erations and higher order terms are neglected to obtain a Taylor series approximation. Now
define,
¢u(k) ÆtÅ¢t u(k)¡tÅ¢tu(k¡1). (3.27)















¢u(k) Æ 0, (3.28)
where
tÅ¢tR˜(k¡1) ÆtÅ¢tR¡MtÅ¢tu¨(k¡1). (3.29)
In equation (3.28) one has to find the partial derivatives of tÅ¢tR˜(k¡1) and tÅ¢t0F
(k¡1) with






















Assuming the loads are deformation-independent and hence the first term in L.H.S of Eq.(3.30)
























Æ tÅ¢t0K(k¡1)uu , (3.33)
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uu is the tangent stiffness matrix in Newton-Raphson iteration (k¡1). Using
Eq.(3.32) and Eq.(3.33) into Eq.(3.28) to obtainh
Ma0Å tÅ¢t0K(k¡1)uu
i
¢u(k) ÆtÅ¢t R˜(k¡1)¡ tÅ¢t0F(k¡1). (3.34)










uu ÆMa0Å tÅ¢t0K(k¡1)uu (3.36)
Eq.(3.35) is a set of simultaneous equations, which is used to solve for ¢u(k). Then the next
displacement approximation is obtained using
tÅ¢tu(k) ÆtÅ¢t u(k¡1)Å¢u(k) (3.37)
Hence, the Eqs.(3.35) and (3.37) are important equations which constitutes the full Newton–





























Figure 3.4: Electric force and displacement transformation between the solid and the shell
elements.
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3.2.3 Transformation method between solid and shell elements
The electric forces induced by the inverse piezoelectric effect in the solid elements must
be transformed into forces and moments that are applied externally into the shell elements;
similarly, the mechanical displacements must be transformed from the shell elements to the
solid elements to evaluate the inverse piezoelectric effect, as shown in the Fig. 3.4. Therefore, a
transformation method to exchange the mechanical and the electrical variables between the
solid and shell elements is imperative.
A) Electric force and moment transformation from the solid to the shell elements
The standard bimorph actuator shown in Fig. 3.5 consists of a double layer of polyvinylidene
difluoride (PVDF) piezoelectric ceramics joined together over their long surfaces with opposing
polarization (P). Fig. 3.6 shows the regular grid-type mesh division of the bimorph actuator,
and Fig. 3.7 shows the section highlighted by thick black lines in Fig. 3.6, which consists of a
block of four solid elements and a shell element. The transformation equation that transforms
the electric forces from the solid elements to the shell elements can be generally expressed as
[89, 90],
Fshell Æ eT eFsolid, (3.38)
where Fshell is the equivalent force vector at the shell elements, eFsolid is the induced electric
force vector in the solid elements, eT is the transformation matrix, and the left-hand superscript
e stand for “electric." As shown in Fig. 3.4, the induced electric forces in the solid elements
eFsolid are transformed as an equivalent force vector Fshell on to the shell elements. The electric
forces induced in the solid elements by the inverse piezoelectric effect are calculated as [89, 90],
eFsolid ÆKuff. (3.39)
Eqs. (3.38) and (3.39) are the general expressions of electric forces transformation from any
type of solid elements to shell elements with regular and irregular meshes.
Figure 3.5: Piezoelectric bimorph cantilever.
.
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Induced electrical forces at nr
Induced electrical forces at ns
i.e.,
i.e.,
nr = ns =
ns =
nr =
are transformed to k
are transformed to k
Figure 3.7: Transformation of nodal electric forces and moments from solid to shell elements.
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The proposed method is quite general; however, for the purpose of simplicity the following
assumptions were made in this study.
1. The top and bottom layers of the bimorph actuator have the same material properties and
the same dimensions.
2. A shell midsurface (highlighted in red in Fig. 3.6) is placed at the interface of the
two piezoelectric layers, and a regular grid-type mesh was used to discretize the shell
midsurface.










where nr Æ 1, . . . ,Nr are the indices of the solid element nodes that are located along the
considered director vectors Vkn of the shell nodes in the regular grid mesh shown in Fig. 3.6, Nr
is the total number of these nodes, and eFnrsolid is the induced nodal electric force vector at solid
node nr, as shown in Fig. 3.7. Similarly, ns Æ 1, . . . ,Ns are the indices of the solid element
nodes that are located not along the considered director vector of the shell nodes but directly
adjacent to it (see Fig. 3.7), Ns is the total number of these nodes, and eFnssolid is the induced
nodal electric force vector at solid node ns. The moment eMkshell of the electric forces about











where dnr and dns are the position vectors of the solid element nodes nr and ns, respectively,
with respect to the shell midsurface nodes. The components of the matrix eT in Eq.(3.38) are
then obtained from the electric force vector Eq.(3.40) and the moment of electric force vector
Eq.(3.41).
Eqs. (3.40) and (3.41) correspond to the highlighted block of four solid elements and one
shell element shown in Fig. 3.7. These equations should be summed for all other blocks in
a regular grid mesh such as that shown in Fig. 3.7. As shown in Figs. 3.6 and 3.7, the shell
node kÆ 1, which is located in the corner of the mesh, has Nr Æ 9 solid nodes lying along V1n
and Ns Æ 10 solid nodes adjacent to V1n contributing to the summations of the first and second
terms in Eq.(3.40), respectively. Similarly, the shell node kÆ 5, which is shared among four
neighboring shell elements in Fig. 3.6, has Nr Æ 9 and Ns Æ 20, and the shell node kÆ 6, which
is located at the junction of two neighboring shell elements, has Nr Æ 9 and Ns Æ 15.
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B) Displacement transformation from shell to solid elements
After the electric forces and the moment of the electric forces have been transformed from the
solid elements to the shell elements using Eq.(3.38), the nodal displacements and rotations in
the shell can be evaluated in the global Cartesian coordinate system. The equation that relates
the displacements from the shell elements to the solid elements can be generally expressed as
usolid Æ uTushell, (3.42)
where uT is the displacement transformation matrix.
The displacements of a material particle in a shell element with natural coordinates of
(»,´,³) are transformed into the Cartesian coordinates (x, y, z) of the shell elements in the total





The displacements of a material point in a shell element with natural coordinates of (»,´,³) at
time t in Eq.(3.43) are mapped to the corresponding solid element node at time t. The total
number of material points in the shell structure is equal to the total number of nodal points in
the solid elements used for the discretization of the electric field. As shown in Fig. 3.7, there
are 56 nodes in four solid elements; therefore, 56 material points are considered in the shell
structure at the natural coordinate ³ of a material point in a shell element, which corresponds to
the Cartesian coordinate z of the corresponding solid element nodal point. The components of
the matrix uT are obtained from the interpolation function given in Eq.(3.43). As illustrated in
Fig. 3.4, the resultant displacements in the shell elements ushell are transformed to the solid
elements.
3.2.4 Coupling of electric field and structure using block Gauss–Seidel
iteration and transformation method
The electrical potential is obtained using the mechanical displacement by solving Eq.(3.3) in
3D solid as,
tÅ¢tK(b)ff
tÅ¢tf(b) ÆtÅ¢t q¡ tÅ¢tK(b)fu tÅ¢tu(b¡1). (3.44)





(i)(b) Æ¢R¡tÅ¢tK(b)uf tÅ¢tf(b), (3.45)
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where i indicates the full N–R iteration, ¢R is the out-of-balance force vector, and ¢u(i)(b) is
the incremental displacement at each BGS and N–R iteration in a time step. The last term on













uu is the tangent stiffness matrix [71, 72] corresponding to the configuration
at time tÅ¢t but measured in the configuration at time 0 during N–R iteration (i¡1) and BGS






where tÅ¢tR is the vector of the externally applied nodal point loads at time tÅ¢t; tÅ¢t0F(i¡1) is
the vector of the internal forces corresponding to the configuration at time tÅ¢t but measured
in the configuration at time 0; and a0 Æ 1¯¢t2 , a1 Æ 1¯¢t , and a2 Æ ( 12¯ ¡1) are the Newmark
constants. The displacement approximation is corrected by,
tÅ¢tu(i)(b) Æ tÅ¢tu(i¡1)(b)Å¢u(i)(b). (3.48)
The approximation of the accelerations and velocities in the Newmark time integration is
applied as described in Eqs.(2.36) and (2.37) and respectively.
This paper proposes the following two approaches, described in Fig. 3.8, for the nonlinear
dynamic analysis of the structure–electric interaction in a piezoelectric actuator:
• Approach 1: BGS iteration with the N–R loop
In a BGS iteration, full N–R equilibrium iterations are evaluated until the energy tolerance
is satisfied [88], and several BGS iterations are executed in each time step until the
preassigned relative tolerance criteria is satisfied for displacements and potentials [46].
Eqs. (3.3)–(3.48) correspond to Approach 1. The analysis flow of this approach is
illustrated in Fig. 3.8 with the blue note.
• Approach 2: Unified BGS iteration and N–R loop
In each BGS iteration, only one full N–R iteration is performed, i.e., the number of N–R
iterations in each BGS iteration is fixed to one. This approach is also referred to as the
unified algorithm. The analysis flow of this approach is illustrated in Fig. 3.8 with the
red note. For this approach, Eq.(3.48) is modified as
tÅ¢tu(b) Æ tÅ¢tu(b¡1)Å¢u(b). (3.49)
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3.2.5 Nonlinear electric field–structure coupling scheme using the
proposed transformation method
The model for the nonlinear structure–electric interaction described in the previous section is
quite general. Here, the proposed transformation method presented in Section 3.2.3 is applied
to the general nonlinear piezoelectric equations given in Section 3.2.4.
Electrical field analyzed in the solid elements: The electrical field in the solid elements is
solved using Eq.(3.3) as
tÅ¢tK(b)ff
tÅ¢tf(b)solid Æ tÅ¢tq¡tÅ¢tK(b)fu tÅ¢tu(b¡1)solid . (3.50)
The displacements tÅ¢tu(b¡1)solid in the solid elements are obtained using the relation given in
Eq.(3.42). Substituting Eq.(3.42) into Eq.(3.50) yields the electric potential in the solid elements
as
tÅ¢tK(b)ff
tÅ¢tf(b)solid Æ tÅ¢tq¡tÅ¢tK(b)fu uT tÅ¢tu(b¡1)shell . (3.51)
The matrices tÅ¢tK(b)ff ,
tÅ¢tK(b)uf , and
tÅ¢tK(b)fu are evaluated from the solid elements at
each BGS iteration in every time step tÅ¢t.
Structural field analyzed in the shell elements: The incremental displacements in the shell






shell Æ¢R¡tÅ¢tF(i¡1)(b)shell . (3.52)






shell Æ¢R¡ eT tÅ¢tF(i¡1)(b)solid , (3.53)




uu is calculated in the shell elements.
The displacement approximation in the shell elements is corrected using
tÅ¢tu(i)(b)shell Æ tÅ¢tu(i¡1)(b)shell Å¢u(i)(b)shell . (3.54)
Eqs. (3.52) and (3.54) yield the structure in the shell elements from the electric forces and
moments transformed onto the shell elements, which are considered as externally applied
equivalent forces, as described in Section 3.2.3.
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Initialize: 0u, 0u˙, 0u¨ and 0f











tÅ¢tf(b) Æ tÅ¢tq¡ tÅ¢tK(b)fu tÅ¢tu(b¡1)
Compute electrical force vector: tÅ¢tK(b)uf
tÅ¢tf(b)
Apply force transformation method






uu ¢u(i)(b) Æ ¢R¡tÅ¢t K(b)uf tÅ¢tf(b)
tÅ¢tu(i)(b) Æ tÅ¢tu(i¡1)(b) Å¢u(i)(b)
Calculate new accelerations and velocities
Check for N-R iteration convergence
Apply displacement transformation method
Check BGS iteration convergence
b Æ b+1







Figure 3.8: Nonlinear dynamic piezoelectric analysis: Approaches 1 and 2.
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3.3 Analysis of piezoelectric bimorph actuator
3.3.1 Problem setup
The piezoelectric bimorph actuator shown in Fig. 3.5 consists of two piezoelectric ceramic
layers joined together over their long surfaces. The beam has a length of LÆ 100 mm along
x-axis, a width of wÆ 1 mm along y-axis, and a thickness of tp Æ 0.5 mm along z-axis. The
beam is fixed at xÆ 0. As shown in Fig. 3.9, two electrical loading cases are analyzed:
1. Series connection: Two layers of PVDF polarized along opposite transverse directions,
see Fig. 3.9(a), uniform potential is applied on the top electrode with the bottom electrode
being earthed.
2. Parallel connection: Two layers of PVDF polarized along same transverse directions, see
Fig. 3.9(b), uniform potential applied on the top and bottom electrodes with the interface
electrode being grounded.
For the electric configuration presented in Fig. 3.9, it is observed that under the potential
load, the top and bottom layers of the piezoelectric bimorph actuator undergoes, respectively,
contraction and expansion, and producing a pure bending in the upward direction.
3.3.2 Numerical setup
The meshes used for the electrical and structural analyses are shown in Fig. 3.10. The mesh for
the electric analysis Fig. 3.10(a) consists of 20-node hexahedral elements with the numbers
of the nodes and elements totaling 1343 and 160, respectively. The mesh for the structural
(a) Bimorph actuator in series connection (b) Bimorph actuator in parallel connection.
Figure 3.9: Piezoelectric bimorph actuators subjected to external voltages .
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(a) 3D solid mesh for electrical analysis.
(b) Shell elements for structural analysis.
Figure 3.10: Finite element mesh for the bimorph actuator analysis.
analysis Fig. 3.10(b) consists of MITC4 shell elements [71, 73] with the numbers of nodes
and elements totaling 82 and 40, respectively. The shell elements shown in Fig. 3.10(b) are
positioned at the interface of the two piezoelectric ceramic layers discretized using 3D solid
elements for electrical analysis as shown in Fig. 3.10(a). There are 40 shell elements in the
x-direction; this number is consistent with the number of solid elements along the x-direction.
3.3.3 Static analysis of actuator function
A) Theoretical solution
The theoretical solution to the static deflection in thickness direction (z-direction) along length





where d31 is the piezoelectric strain constant, E3 Æ f/2tp is an applied electric filed for a
series-type electrical connection and E3 Æ f/tp for a parallel-type electrical connection and
tp is the thickness of each piezoelectric layers. Substituting the actuator dimensions and the
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material properties of the PVDF given in Table 2.1 into Eq.(3.55) with xÆ L for fÆ 1 V across
the thickness yields a static tip deflection of u3(L) Æ 0.3450 mm for a series-type electrical
connection and u3(L)Æ 0.690 mm for a parallel-type electrical connection.
The theoretical solution for the equivalent bending moment, which is defined as the moment
that can produce the same deflection in a piezoelectric bimorph actuator as an applied electric





where hÆ 2tp is the total thickness of the bimorph. Substituting the actuator dimensions and
the material properties given in Table 2.1 into Eq.(3.56) for an applied voltage of fÆ 1 V with
E3 Æ f/2tp across the thickness yields
Meq Æ 1.1500£10¡8 Nm.








where I is the second moment of area and A is the cross-sectional area. From Eq.(3.57) and the
material properties of PVDF given in Table 2.1, the resonance frequency for the first bending
mode was obtained as 107.0 rad/s.
B) Numerical analysis: Convergence and results accuracy for approaches 1 and 2
Here, the static analysis results for both approaches are presented for the case where the time
integration of Eq.(3.52) is not taken into account. First, the convergence properties of the two
approaches are addressed for a series-type piezoelectric bimorph actuator. Fig. 3.11(a) shows
the convergence results for Approach 1, in which the first BGS iteration required three N–R
iterations to satisfy the preassigned energy tolerance of e tol Æ 1.0£10¡12 and subsequent BGS
iterations required two N–R iteration to satisfy this condition. Fig. 3.11(b) shows the relative
error of the numerically obtained tip deflection using Approach 1 with respect to the theoretical
solution given by Eq.(3.55). At BGS iteration 4, the tip deflection converged to within the set
relative tolerance value of ²Æ 1£10¡5 in this approach. Similarly, Fig. 3.12 shows the BGS
iteration convergence proprieties of Approach 2. By the fifth BGS iterations, the set energy
tolerance condition was satisfied. In Approach 2, five BGS iterations with one N–R iteration in
each BGS loop were sufficient to perform static analysis for this numerical problem.
80














































(a) N–R convergence in each BGS iteration.








































(b) BGS iteration convergence of the tip deflection.
Figure 3.11: Iteration convergence analysis for the static case: Approach 1 (BGS iteration with
the N–R loop).
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Relative error in tip deflection





Figure 3.12: Iteration convergence analysis for the static case: Approach 2 (Unified algorithm).
.




Theory[22] Tseng[8] Wang[9] Present
Approach 1 Approach 2
20 0.01380 0.01500 0.01390 0.01379 0.01378
40 0.05520 0.05690 0.05470 0.05519 0.05511
60 0.12420 0.13710 0.11350 0.12419 0.12413
80 0.22080 0.23510 0.21980 0.22078 0.22079
100 0.34500 0.35980 0.34160 0.34505 0.34510






Approach 1 Approach 2
20 0.0276 0.02746 0.02768
40 0.1104 0.11040 0.11108
60 0.2484 0.24880 0.24947
80 0.4416 0.44268 0.44297
100 0.6900 0.69200 0.69200
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Next, the static deflections obtained using Approaches 1 and 2, the theoretical solution using
Eq.(3.55), and the deflection at the nodes obtained by Tseng [8] and Wang et al. [9] are listed
in Table 3.1 and Table 3.2 for a series and parallel connection, respectively. These cases are
all under the condition of a unit input voltage. Tseng [8] modeled the piezoelectric continuum
using solid hexahedral elements, which are too thick for the simulation of thin-layered MEMS
structures. Wang et al. [9] used a piezoelectric plate element and applied the Guyan reduction
method to condense the electric potential vectors.
Fig. 3.13 shows the tip deflection of the bimorph actuator in series analyzed under various
applied voltages. The purpose of this analysis is to demonstrate the superiority of the present
nonlinear shell–solid method over linear solid–solid [47] and linear theoretical solution [22].
From the current literature review, there are no nonlinear theoretical solutions for the deflection
of the piezoelectric bimorph actuator. Therefore, blocking force Fb [21] corresponding to the
induced electric forces for an applied voltage f in a bimorph actuator is externally applied on to
the nonlinear pure shell [71] to perform the structural analysis and the displacement obtained in
the nonlinear pure shell is compared with the proposed shell–solid combination. The blocking





As shown in Fig. 3.13, at lower input bias voltages, in the elastic regime, the deflections
analyzed using present nonlinear shell–solid coincides with linear theory and linear solid–solid.
However, at higher voltages, the proposed method shows the large deformation due to geometric
nonlinear effect. The solution obtained with the pure shell using the blocking force is very
close to that of the proposed method. This indicates that the proposed method accurately takes
into account the geometric nonlinear effect in a thin plate–like piezoelectric bimorph.




















Linear Solid–Solid [47] 
Nonlinear Shell–Solid 
Nonlinear pure shell
Figure 3.13: Tip deflection of the bimorph actuator at various input voltages.
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(a) Potential distribution in a piezoelectric bi-
morph actuator in series connection.
















(b) Potential distribution in a piezoelectric bi-
morph actuator in parallel connection.
Figure 3.14: Variation of the electric potential across the thickness in a piezoelectric bimorph
actuator.
Finally, the variation of the electric potential in the solid elements across the thickness
direction (x Æ L, y Æ w) for a series and parallel connection are presented in Fig. 3.14. The
results confirm clearly that for a piezoelectric actuator mode, the variation of the electric
potential varies almost linearly in the thickness direction, as previously discussed in [37, 43, 86].
Kogli & Bucalem in [37, 86] solved a piezoelectric bimorph actuator with a quadratic variation
of electric potential over the thickness for a parallel electric configuration, their results clearly
show that the electric potential varies almost linearly, because of the three equipotential
electrodes at the top, bottom, and interface.
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Solid–solid elements (Structure–Electric analysis)
















Figure 3.15: Static deflection of the bimorph actuator.
.
C) Validation of electric force and moment transformation
The purpose of this section is to validate the transformation of the electric forces and moments
from the solid to the shell elements. The numerical problem described in Fig. 3.9(a) in the
case with a unit static input voltage was considered. First, both the structure and electric field
were solved using the solid elements to evaluate both the nodal displacements and the electric
potential under the BGS coupling scheme [47]. Next, the electric force vector in the solid
elements was calculated using Eq.(3.39). Then, the electric forces and moments were applied
externally to the shell elements using the proposed force and moment transformation method
described in Section 3.2.3 to obtain the mechanical displacements of the shell elements from
the displacement interpolation function [70, 72]. Finally, the mechanical displacements of the
solid elements due to the piezoelectric effect were compared with the displacements of the
shell elements obtained from the transformed electric forces and moments.
Fig. 3.15 shows the static deflection obtained by solving both the electrical and mechanical
fields using the solid elements and the static deflection obtained in the shell elements from the
electric forces and moments applied externally to the shell elements. These results demonstrate
very good agreement among the static deflection from the piezoelectric effect obtained using
the solid–solid element analysis, the shell elements for the structural analysis, and the theory
Eq.(3.55) [22]. This indicates that the induced electric force and the moment of the electric
forces are accurately transformed from the solid elements to the shell elements using the
proposed method.
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The motional restrictions along the joined surfaces of the two piezoceramic layers creates
forces and moments that result in the pure bending of the bimorph actuator [60]. The total
moment of the electric forces in the solid elements due to the piezoelectric effect obtained
using the BGS algorithm is,
Meq Æ 1.1506£10¡8 Nm.
The relative error of the numerical solution with respect to the theoretical solution is 0.052%.
The deflection of the bimorph solved using the piezoelectric solid elements [47] and that solved
using shell elements show good agreement, demonstrating the accurate transformation of the
forces and moments.
3.3.4 Dynamic analysis of bimorph actuator
A) AC response
The bimorph actuator shown in Fig. 3.9 was examined under AC input voltages with f Æ
f0sin!ft, where !f and f0 are the frequency and amplitude of the input voltage, respectively.
The values of ¯ and ° for the Newmark integration were selected as ¯Æ 0.25 and °Æ 0.5. The
time increment was set to ¢t Æ (1/50)(2¼/!f) for input frequencies much smaller or larger
than the resonance frequency and ¢tÆ (1/200)(2¼/!f) for input frequencies near resonance to
obtain the converged vibration amplitudes [47]. A finer time resolution was used near resonance
because the deflection is very sensitive to changes in the frequency near resonance.
Figs. 3.16 and 3.17 show the iteration convergence properties of the BGS and full N–R
iterations in the dynamic analysis using Approach 1 for a bias voltage of fÆ 1 V at a frequency
of !f Æ 106 rad/s and a time increment of ¢tÆ 3.0£10¡4 s. Fig. 3.16 shows the increment in
internal energy during each N–R iteration at every BGS iteration. According to Fig. 3.16(a), in
the first BGS iteration at every time step, three or four N–R iterations were executed before the
preassigned energy tolerance criterion was satisfied. Similarly, in the second and third BGS
iterations, only one N–R iteration was required to reach convergence, as shown in Fig. 3.16(b)
and (c), respectively. The relative error of the tip deflection at every BGS iteration is shown in
Fig. 3.17. As shown in Fig. 3.17(a) and (b), the tip deflection did not converge to the preassigned
relative tolerance value in first and second BGS iterations; in contrast, the relative error of the
tip deflection satisfied the tolerance criteria at every time step in the third BGS iteration, as
shown in Fig. 3.17(c).
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(a) First BGS iteration.



































(b) Second BGS iteration.

































(c) Third BGS iteration.
Figure 3.16: Iteration convergence properties of Approach 1: The increment in internal energy
is plotted against the time at each BGS iteration.87
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(a) First BGS iteration.






























(b) Second BGS iteration.































(c) Third BGS iteration.
Figure 3.17: Iteration convergence properties of Approach 1: The relative error of the tip
deflection v/s time at each BGS iteration. 88




































(b) !f Æ 95 rad/s.





































(d) !f Æ 180 rad/s.
Figure 3.18: AC response of a bimorph actuator in a series connection at different frequencies
simulated using Approach 1.
Next, the vibration characteristics of the tip of the piezoelectric bimorph actuator in response
to input AC signals with different frequencies and an amplitude of f Æ 1 V obtained using
Approach 1 are depicted in Fig. 3.18. The peak displacements of the AC responses to the input
signals with the different frequencies are summarized in Fig. 3.19. The point of maximum
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deflection at the tip of the bimorph actuator indicates when the frequency of the input voltage is
equal to the resonance frequency of the actuator. The responses of the actuator at input voltage
frequencies of !f = 106.8 to 107.2 rad/s, which are close to the structural resonance frequency,
had large amplitudes [45], as shown in Fig. 3.19; however, for input voltage frequencies much
larger or smaller than the structural resonance frequency, the peak amplitudes of the responses
were approximately equivalent to the tip deflection under a static force [45], as shown in
Fig. 3.18(a) and (d). The response in Fig. 3.18(c) achieved the largest peak amplitude among
the different input frequencies, indicating resonance was achieved at this frequency.
Fig. 3.19 reveals that the simulation results yielded a maximum peak deflection amplitude
at an input voltage frequency of !f Æ 106.9 rad/s. The resonance of the piezoelectric bimorph
actuator actually occurs at a driving input voltage frequency very close to the theoretical
frequency of !(1)r Æ 107.0 rad/s. Therefore, the numerical and theoretical solutions are in good
agreement with each other.




























ω = 106.90 rad/s
Figure 3.19: Frequency response curve of a bimorph actuator calculated using Approach 1.
The AC response was then simulated using Approach 2. Fig. 3.20(a) shows the vibration
characteristics at an input voltage frequency much smaller than the structural resonance fre-
quency of the bimorph actuator. There is an instability in the solution when one BGS iteration
is performed in each time step; however, there is no such instability when two or more BGS
iterations are used in each time step. Additionally, when the input voltage frequency is close to
the structural resonance frequency, an instability arises when one or two BGS iterations are used
in each time step, as shown in Fig. 3.20(b). The reason for the instability that arises when the
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input voltage frequency is much smaller than the resonance frequency and one BGS iteration is
used is delineated in Fig. 3.21. The relative error of the tip deflection approaches infinity when
one BGS iteration is used in this case, as shown in Fig. 3.21(a). This is because the energy
tolerance in the nonlinear N–R iteration is not satisfied when only one BGS iteration is applied,
as shown in Fig. 3.21(b). From this assessment, it is apparent that executing three or four BGS
iterations in every time step would yield a converged solution without any instability when
Approach 2 is used. The vibration amplitudes at various AC input voltages are approximately
equal to those obtained using Approach 1. The same level of accuracy in the simulated tip



















1 BGS itr/time step
response blows up
2 BGS itr/time step
3 BGS itr/time step
ωφ
(a) Response for the input frequency far from
the resonance frequency.



















3 BGS itr / time step
1 BGS itr / time step
2 BGS itr / time step
Response blows up
 = 107.6 rad/secωφ
(b) Response for the input frequency near the
resonance frequency.
Figure 3.20: AC response of a bimorph actuator in a series connection at different frequencies
simulated using Approach 2.
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2 BGS itrations/time step
1 BGS itration/time step
3 BGS itrations/time step
energy tolerance
(b) The internal energy increment obtained after N–R
and BGS iteration for each time step.
Figure 3.21: Dynamic analysis iteration convergence properties: Approach 2.
B) Step response of a piezoelectric bimorph actuator
The vibration characteristics of the piezoelectric bimorph actuators driven by a step voltage
fÆ 1 V obtained using Approach 1 are presented here. Newmark [52] presented a numerical
damping scheme in which ¯Æ 0.25(°Å0.5)2 with °È 0.5; on the basis of this method, a step
input voltage with the Newmark parameters of ° Æ 0.6 and ¯ Æ 0.3025 was used to obtain
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steady-state equilibrium after a long time interval. These parameters were adopted because
when a bimorph actuator is actuated with numerically positive damping with a step input bias
voltage, the steady-state response of the tip deflection is equal to the theoretical solution for the
static deflection. The time increment ¢t was chosen as 1.0£10¡3 s.
Fig. 3.22 shows the step response of the numerical problem in Fig. 3.9. The steady-state tip
deflection was obtained as 0.3452 mm as shown in Fig. 3.22(a), whereas the theoretical static
tip deflection obtained from Eq.(3.55) is u3(L)Æ 0.3450 mm. Thus, the relative error of the tip
deflection is 0.057%. The exact value of the natural period of vibration ( Tn Æ 1/ fr ) for this
problem is 0.0587 s, where the natural frequency fr is obtained using Eq.(3.57). The obtained
natural period using the numerical analysis is 0.0585 s, shown in Fig. 3.22(b). The natural
period of vibration showed good agreement between the numerical and theoretical solution.
Highly accurate solutions were obtained using the proposed coupled algorithm. Approach 2
yielded similar results.





















δ =  0.3452 µm
(a) Step response of piezoelectric bimorph actuator
































(b) Enlarged view to show the natural period of vibration
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3.4 A piezoelectric bimorph sensor mode
3.4.1 Problem setup
In this section, the sensor response of a 3D piezoelectric bimorph cantilever shown in Fig. 3.23
is obtained for a transverse load F at the free end of the shell structure. The nodes with the
electric degree of freedom (DOF) at the top, bottom, and mid–surfaces of a piezoelectric
bimorph FE model are regarded as an electrode.
Four electrical configurations are analyzed for a transverse load F at the free end of the
shell structure Fig. 3.23(a):
1. Closed circuit configuration (active mode): The nodes at the top and bottom surfaces are
set to zero electric potential, as shown in Fig. 3.23(b).
2. Closed and open circuit configuration (active–sensory mode): The nodes at the top
surface are in an open circuit condition while the bottom surface is earthed, as shown in
Fig. 3.23(c).
3. Partial open circuit configuration: In this configuration, a node at the top and bottom
surface near the fixed end are grounded while other nodes are in open circuit configuration,
as shown in Fig. 3.23(d).
4. Full open circuit configuration (sensory mode): Both the top and bottom surfaces are
in an open circuit condition, as shown in Fig. 3.23(e). In energy harvesting application,
open surfaces at the bottom and top are general [3, 13, 14].
The piezoelectric bimorph beam shown in Fig. 3.23 has a length of LÆ 250 mm, a width of
wÆ 20 mm, and a thickness of each layer tp Æ 2.5 mm. The piezoelectric layers are polarized
in the same direction along the thickness. All the mechanical DOF are fixed at x Æ 0. The
mesh for the structural analysis consists of MITC4 shell elements with the numbers of nodes
and elements totaling 22 and 10, respectively. The mesh for the electric analysis consists of
20-node hexahedral elements with the numbers of the nodes and elements totaling 353 and 40,
respectively.
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Figure 3.23: Piezoelectric bimorph cantilever sensor configuration: a) Tip loading in shell, b)
closed circuit configuration in solid, c) closed and open circuit configuration in solid, d) partial
open circuit configuration in solid, e) full open circuit configuration in solid
3.4.2 Static analysis of sensor function
The displacement of the tip due to a transverse load F at the free end of the shell structure
produces a voltage in the 3D solid of the bimorph cantilever beam. The generated electric







where g is the piezoelectric voltage coefficients, Ep is the Young’s modulus of the piezoelectric
layer, h is the overall thickness of the bimorph cantilever, L is the length of the bimorph
and ± is maximum tip deflection due to pure mechanical transverse loading F at the tip.
The piezoelectric voltage constant g31 for PVDF material is 0.216 Vm/N. The maximum tip





Taking tip load F Æ 1£10¡3 N, the numerical results of the distribution of induced electrical
potential over the thickness at xÆ 0, yÆ 0 are presented in Fig. 3.24. It is apparent from Fig. 3.24
that the induced electrical potential obtained with the FE analysis varies, almost quadratically
over the thickness. It is easily understood that the potential in the upper and lower surfaces is
zero for closed circuit electric configuration, as shown in Fig. 3.24(a). Similarly, there exists
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a potential on the top surface while it is zero on the bottom surface for active–sensory mode
configuration, as shown in Fig. 3.24(b). The induced electric potential for the third electric
configuration of the sensor mode is shown in Fig. 3.24(c). As shown in Fig. 3.24(b), it is clear
that for the active–sensory mode configuration, the induced electric potential on both the top
surface has a value V Æ 0.810 V for applied tip load F Æ 1£10¡3 N, which is very close to that
of the theory.
As presented here, the 3D solid elements in the sensor mode can model the electric field
under any electric boundary conditions with almost a quadratic variation of the induced electric
potential over the thickness.



















(a) Closed circuit configuration



















(b) Active–sensory mode configuration



















(c) Partial open circuit configuration



















(d) Full open circuit configuration
Figure 3.24: Distribution of potential over the thickness of the bimorph cantilever for sensor




A new finite element scheme for the simulation of the piezoelectric interaction between the
structure and electrical fields was developed using a combination of both solid and shell
elements for the finite element model. The field decomposition employed in this method
enables the use of different elements to solve the different fields. A novel method of exchanging
the electric force, the moment of the electric force, and the displacement between the electrical
field in the solid elements and the mechanical field in the shell elements was developed. The
proposed method can be used to analyze both the actuator and sensor function in a thin–layered
piezoelectric bimorph cantilever of various electric configurations with both the linear and
quadratic variations of the electric potential across the thickness direction.
The geometric nonlinear structure–electric interaction of the piezoelectric effect was ana-
lyzed by applying two different approaches. In the first approach, the full N–R iteration loop is
executed in every BGS iteration until the convergence criteria are satisfied, and the results were
shown to be accurate and stable. In the second approach, on the contrary, only one full N–R
iteration is executed in each BGS iteration, but in this approach, stability is not guaranteed
when fewer than three BGS iterations are executed.
The proposed coupling scheme is well suited for use in the general–purpose finite element
analysis of the thin piezoelectric bimorph. It was shown that using a combination of solid
and shell elements to solve the electrical and structural fields, respectively, with the proposed
method of transforming the force, moment, and displacement between the two fields allows for
the very accurate simulation of the general electromechanical coupling or both the actuation












OF A THIN FLEXIBLE PIEZOELECTRIC BIMORPH IN FLUID
4.1 Introduction
The large deformation of a thin flexible piezoelectric bimorph devices due to the external
mechanical forces or applied voltages cause a strong coupling between the electric field and
structure. This phenomena, known as electric–structure interaction (ESI) or electro–mechanical
coupling of a piezoelectric continuum, has gained a great deal of attention in many sciences
and engineering fields. In Chapter 2, the author compared various finite element approaches to
study linear electric–structure interaction, in Chapter 3, a novel coupling method to study the
nonlinear structure-electric field interaction which can be used to analyze both the actuation and
sensing characteristics of a thin flexible piezoelectric bimorph without considering the effect of
the surrounding fluid is demonstrated. Since the piezoelectric effect is an electric field–structure
interaction phenomenon as described above, the piezoelectric materials surrounded by the fluid
is basically electric field and fluid–structure interaction problem, as presented schematically in
Figs. 4.1 and 4.2.
The triply coupled phenomenon of electric field and fluid–structure interaction (EFSI) has
gained a popular research interest in last couple of years due to the significant engineering
applications in piezoelectrically actuated flapping wings [15, 93], flapping wing aerodynamics
[17–20], piezoelectric based energy harvesting [3, 13, 94], active control by the piezoelectric
materials for fluid–structure interaction problems [95, 96], device miniaturization applications
99
CHAPTER 4. ELECTRIC–FLUID–STRUCTURE INTERACTION ANALYSIS OF A THIN
FLEXIBLE PIEZOELECTRIC BIMORPH IN FLUID
in MEMS [6, 16] and many. In this section, a coupling strategy for multiphysics analysis of
electric field (piezoelectric effect) and fluid–structure interaction using finite element method is
presented. Fig. 4.1 shows the schematic representation of ESI, FSI, and EFSI for a piezoelectric
bimorph driven by fluid flow and external voltage.








Figure 4.2: Schematic representation a multiphysics coupling of EFSI system
In previous Chapters 2 and 3, coupling analyses of electric field and structure using block
Gauss–Seide partitioned iterative method is shown [47, 89]. The implementation of fluid–




In the monolithic FSI coupling approaches, the fluid and structure equations and the fluid–
structure interface conditions (consists of geometrical compatibility and equilibrium conditions
on the interface between fluid and structure) are discretized and computed simultaneously.
Monolithic approaches for FSI problems are generally known to be robust, accurate and
strongly coupled. However, the monolithic approaches are computationally very expensive and
monolithic FSI formulation can lead to an ill–conditioned equation system.
In the partitioned FSI coupling approaches, the fluid and structure analyses are conducted
separately, and they are coupled via the transformation of their solution variables on the
interface. The generally used transformation algorithms are the Dirichlet–Neumann algorithms,
wherein the Dirichlet and Neumann boundary conditions (bc’s) are imposed on the interface
for the fluid and structure, respectively. Furthermore, partitioned approaches are easy for the
implementation, easy to reuse existing fluid and structure codes and are appropriate for parallel
computation. This is the main reason why partitioned coupling approaches are so popular in
FSI analysis.
The partitioned FSI coupling approaches are generally known to be weakly coupled when
the interface conditions are not exactly satisfied. Several coupled iteration methods have been
widely studied for the partitioned method of the FSI system to enforce the interface conditions.
This approach, called as a partitioned iterative approach has been widely investigated to solve
fluid–structure interaction problem [48, 101, 102]. In this partitioned iterative approach, the
analyses composing of fluid and structure are performed separately and iteratively until the
interface condition between the fluid and structure are satisfied in every time step. With this
coupled iteration process, the coupling interaction between fluid and structure is expected to be
very strong as similar with monolithic approaches. Therefore, partitioned iterative approaches
are regarded as strongly coupled methods.
In Ref [50], Ishihara and Horie have proposed a partitioned and splitting algorithm for
an incompressible fluid and a structure using a new algebraic splitting method, wherein the
monolithic equation system is split into the equilibrium equations and the pressure Poisson
equation (PPE) algebraically using the intermediate variables. This is method is also known
as the algebraic splitting method or the projection method. The projection method is very
popular in fluid analysis and has been successfully used in an incompressible fluid analysis.
Therefore, in this study, a projection method [50] to solve fluid–structure interaction coupling is
employed. In their study, the projection method for the FSI system is applied for a converging
fluid channel with a flexible structure [103, 104], which is one the typical benchmark problem
used by many researchers to test the FSI mesh sensitivity, accuracy and convergence properties,
and the computational efficiencies of the FSI algorithms [50, 105–107].
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Electromagnetic and structure couple problems using monolithic and partitioned algorithms
can be found in Refs. [40, 42, 108–110]. These studies were conducted in–order to understand
the coupling effect between the electric field and deflections of thin structures in a magnetic
damped vibration, which is one type of electromagnetic and structure coupled problem [42].
Triply coupled analysis of elasto–plastic contact, electric current and thermal conduction during
resistance spot welding using FEM can be found in [111–114]. There is a large difference
between electromagnetic effect, triply coupled phenomenon in resistance spot welding, and the
piezoelectric effect in–terms of governing equations and multiphysics theory. These studies
cannot solve for direct and inverse piezoelectric effect with fluid–structure interaction.
Several algorithms have been proposed to solve electrostatic–fluid–structure interaction
problems using a monolithic approach [115, 116]. The hierarchal decomposed analysis for
the electrostatic–fluid–structure interaction was proposed by Ishihara et al. [49]. All these
studies were basically intended to solve the electrostatic, fluid, and structure interactions
in–order to study micro electrostatic actuation effect in micro–electro–mechanical systems
rather than direct and inverse piezoelectric effect in a piezoelectric material. Again, there is a
fundamental difference of multiphysics theory and governing equations between electrostatic
and the piezoelectric phenomenon. These studies can not solve electro–mechanical coupling
in the piezoelectric materials. A few studies for the electrostatic–structure interaction without
fluid in MEMS application can be found in [117, 118]. In their studies, a monolithic approach
is used. Initially a partitioned approach without coupled iterations was proposed to solve the
electrostatic–structure interaction [45] by neglecting the surrounding fluid in MEMS micro
electrostatic actuator application.
A few research work on the triply coupled finite element analysis of EFSI system can
be found in [94, 95]. In Ref [95], the quadrilateral finite element is used to analyze both
the structure and electrostatic field. These elements are not well–suited for the thin structure
analysis of the piezoelectric bimorph sensors and actuator. Ravi and Zilian in [94] proposed
a monolithic method to solve electric field and fluid–structure interaction of a bimorph beam
driven by fluid flow. Although monolithic schemes are strongly coupled by the formulation
itself, but are computationally expensive, lead to ill–conditioned monolithic system and produce
Schur complement inevitably during fluid–structure interaction problem. In their analysis, they
used 3D solid elements to analyze both the structure and electric fields. However, solid elements
presented therein are inappropriate for the discretization of the structure in thin–layered MEMS
and energy harvesting applications [67, 68, 74]. On the other hand, our proposed method
can treat thin–layered structure using shell elements, quadratic electric potential distribution

















Figure 4.3: Symbolical presentation of Electric field–fluid–structure interaction using Gauss–
Seidel coupling
drawbacks of using a same finite element presented in [94, 95].
In this study, a hierarchal decomposition algorithm is proposed to solve for the electric field
and fluid–structure interaction. The hierarchal decomposition [49] as the theory is superior to
the others in terms of the application to complicated multiphysics problems. In the hierarchal de-
composition or partitioned iterative approach, the EFSI system is partitioned into fluid–structure
interaction (FSI) and electric field, and then the fluid–structure interaction is partitioned into
the fluid–structure velocity field and the pressure field using an algebraic splitting or projection
method for FSI system [50], the fluid–structure velocity field is partitioned into fluid velocity
field and structure velocity field, and finally the structure and electric field are coupled using
block Gauss–Seidel partitioned iterative method for the ESI system. This is the reason why
this type of partitioning and the splitting of the EFSI system in a hierarchical way is termed
as hierarchal decomposition. The coupling between the electric field and the fluid–structure
interaction is executed using the block Gauss–Seidel method is shown schematically in Fig. 4.3.
In the case of large deformation analysis using the Lagrangian description for the structural
mechanics, the displacement of the structure changes the domain of the fluid causing large
distortion of the computation mesh. The fluid equations have to follow the motion to be able to
deal with moving domains. Therefore, Eulerian description is very popular in fluid mechanics.
The combination of the Lagrangian and Eulerian description, respectively, for the structure and
fluid mechanics, known as arbitrary Lagrangian–Eulerian (ALE) description [119] is used in
the present formulation.
The proposed strongly coupled hierarchal decomposition of EFSI system is implemented
using finite element method and it is applied to a converging fluid channel with a flexible
bimorph actuator. Here, the flexible piezoelectric bimorph flap is made of PVDF or PZT-5H
materials and three electric configurations (actuator setup, closed circuit sensor setup, and open
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circuit sensor setup) along with the inlet fluid velocity boundary condition in a converging
channel as defined in [50, 103, 104] are studied. The simulation results were compared with
the reference solution [50]. It follows from the comparisons among the present solution with
the reference solution that the proposed strongly coupled method takes into account the full
interaction. The simulated frequency responses and vibration amplitudes of a thin flexible
piezoelectric bimorphs analyzed using the proposed EFSI method shows a good agreement
with the previous studies. The shift in the resonance frequency upon the connected electric
resistive load matched well with the theoretical approximations.
4.2 Formulation of the electric field and fluid–structure
interaction
In this section, the coupled EFSI equation system from the governing equations of the existing
formulation FSI system based on [50] and the piezoelectric equations given inChapter 3 is
derived. Basically, the piezoelectric equation are inserted into the FSI coupled system as
follows.
4.2.1 Governing equations for the fluid, structure and electric fields
A) Governing equations for the fluid
Let the fluid be an incompressible viscous Newtonian fluid. The fluid flow is governed by
the Navier–Stokes equations for incompressible fluids. The arbitrary Lagrangian–Eulerian
formulation is employed to describe the incompressible viscous fluid motion in the deformable
domain. The ALE description of the incompressible Navier–Stokes equations as the governing










Å½fgfi, in t­f, (4.1)
under the incompressibility constraint
@vfi
@xi
Æ 0, in t­f, (4.2)
where superscript f indicates the fluid components, t­f is the spatial fluid domain at time t, ½f
is the density of the fluid, vfi is the fluid velocity vector, vˆ
f
i is the velocity vector of the mesh
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deformation in ALE co–ordinate, gfi is the body force vector acting on the fluid, and ¾
f
i j is the
stress tensor of the fluid. The stress tensor ¾fi j of Newtonian fluid can be written as







, in t­f, (4.3)
where pf is the pressure, ¹ is the dynamic viscosity, and ±i j is the Kronecker delta. The Eq.(4.3)
relates the fluid stress components to the fluid velocity. To solve for the equilibrium fluid
equation Eq.(4.1), one has to specify the essential and natural boundary conditions on the
closed boundary of the fluid domain t¡f. The essential or Dirichlet and the natural or Neumann
boundary conditions could be imposed at different segments of the boundary t¡f:
vfi Æ v¯fi, on ¡fE, (4.4)
¾fi j.n
f
j Æ ¿fi, on ¡fN, (4.5)
where ¡fE and ¡
f
N are complementary subsets of
t¡f corresponding to the Dirichlet– and
Neumann–type boundary conditions at time t, v¯fi and ¿
f
i are the prescribed fluid velocity and
traction values on the complementary subset of t¡f.
B) Governing equations for the structure







Å½sgsi, on t­s, (4.6)
where t­s is the spatial domain of a structure at time t, ½s is the density of the structure, usi is
the structural displacement vector,
d
dt
is the so–called material derivative, gsi is the body force
vector acting on the structure, and ¾si j is the stress tensor of the structure. While the structure
undergoes large deformations causing to geometric nonlinearities, the strains are assumed to be
small, thus a materially linear elastic model is assumed. The 2nd Piola–Kirchhoff stress tensor
¾si j of the structure is expressed using the constitutive relation as follows:










, in t­s, (4.7)
where superscript s indicates components of the elastic structure, ¸ and G are the Lame
constants and usi is the structure displacement. In this study, the large deformation formulation
of the elastic structure is based on the total Lagrangian framework shown in Chapter 2 which
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is based on the derivation given in Ref [71, 72, 87]. For the elastic body, the Dirichlet– and
Neumann–type boundary conditions are given by
vsi Æ v¯si , on ¡sE, (4.8)
¾si j.n
s
j Æ ¿si , on ¡sN. (4.9)
C) Governing equations of piezoelectricity
The direct and inverse piezoelectric effect of a piezoelectric material is governed by the
mechanical and electric equilibrium equations described in Chapter 2. The structural part of the
piezoelectric material is solved using equilibrium equation of the structure given in Eq.(4.6)
and the electric part is solved using Maxwell’s equation of equilibrium for the quasi–static









Å½pgpi , on t­p (4.10)
@Dpi
@xi
Æ qp, on t­p (4.11)
where superscripts p and p stands for the piezoelectric field, Dpi is the electrical displacement
vector and qp is the electric body charge. The electric field vector Epi and a scalar electric




The constitutive equations of linear piezoelectricity can be written as
¾
p
i j ÆCEi jklSkl ¡ eki jE
p
k, (4.13)
Dpi Æ e iklSkl Å"SikE
p
k, (4.14)
where CEi jkl is the elastic constitutive tensor, Skl the mechanical strain tensor, eki j the piezo-
electric coupling coefficient, Ek the electric field vector, and "Sik the dielectric permittivity
tensor. The superscripts E and S denote that the elastic constants and the dielectric constants
are evaluated at a constant electric field and constant strain, respectively. The essential and
natural boundary conditions related to the mechanical filed of the piezoelectricity is given in
Eqs.(4.8) and (4.9), and similarly, the electrical boundary conditions are written as
Áp Æ Á¯p, on ¡pE (4.15)
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Dpi ni Æ q¯p, on ¡
p
N (4.16)
where Á¯p and q¯p are the prescribed electric potential and surface charge on the piezoelectric
boundary corresponding to the Dirichlet– and Neumann–type, respectively; ni is the outward
unit normal vector.
D) Interface conditions
The interaction conditions on the interface between the fluid and the structure are imposed
using the following geometric compatibility and equilibrium conditions:
vfi Æ vsi ´ vfsi , on ¡fs, (4.17)
¾fi j.n
f
jÅ¾si j.nsj Æ ¿fsi , on ¡fs, (4.18)
where superscript fs indicates the components of fluid–structure interface, vfsi is the fluid–
structure interface velocity vector, and ¿fsi is the surface force vector acting on the fluid–structure
interface. Eq.(4.17), the geometric compatibility, equates the velocity of the fluid with that
of the structure velocity at the fluid–structure interface. Eq.(4.18), the equilibrium condition
is exactly the continuity of the traction vector at the fluid–structure interface. In the present
formulation vsi Æ v
p
i , since the structural filed of the piezoelectric effect is solve using the shell
elements.
4.2.2 FE formulation of electric–fluid–structure interaction system
In this section, at first, the variational formulations for an incompressible fluid, finite element
coupling equations for fluid–structure interaction, finite element coupling equations for nonlin-
ear structure–electric interaction, and final the coupling of FSI system with the piezoelectric
electric is presented.
A) FE formulations of fluid–structure interaction using the projection method
A.1) Discretization of fluid
Now, Eqs.(4.1) and (4.2) are discretized to obtain the weak formulation by transforming them
into a variational problem. At first, the weak form of incompressible Navier–Stokes equations by
using the residual method is obtained. To derive weak form, following the standard procedure,
by multiplying the momentum equation Eq.(4.1) with the velocity weight function wi and
the incompressibility constrain Eq.(4.2) is weighted with the pressure weighting function q,
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d­f Æ 0, (4.20)
























f Æ 0, (4.21)
where vfi¡ vˆfi Æ
¤vfi. The Cauchy stress tensor ¾
f
i j in Eq.(4.21) can be simplified using integration






































































































Rearranging the above equation gives
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Eqs.(4.20) and (4.26) provides the basis for the finite element formulation of the incompressible
Navier–Stokes equations. The approximation solutions for the fluid velocity and pressure will
now be defined using the finite element procedure. The usual assumptions to approximate
the weak variational equation using the finite element method is a discretization of the weak
formulation. In general, the continuous fluid domain­f is discretized into a number of elements
forming a union ­¯f of elements ­fe
­f ¼ ­¯f Æ[
e
­fe, (4.27)
where ­¯f is an approximation of ­f, and the sum over e is taken over the total number of
elements. In FEM, the approximation solution is expressed as a function of a set of interpolation










where N® and M® are the shape functions interpolating the fluid velocities vfi and pressure
pf within each element, vfi and p® denotes the nodal velocity and pressure, respectively. The
summing is carried out over the total number of fluid velocity nodes n and the total number of
pressure nodes m. By substituting the approximations Eqs.(4.28) and (4.29) into the weak form
































































vf¯i Æ 0, (4.31)
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Using the standard Galerkin method, the weighting functions are chosen to be the same as
the shape functions interpolating the fluid velocity and pressure with wi Æ N® and q ÆM®,









































































vf¯i Æ 0, (4.33)













¤¡Gf®¯i Æ gf®i, (4.34)
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Eqs.(4.32) and (4.33) can be expressed in global finite element matrices[50]:
Qf ´L MfafÅNfÅCfvfÅVf¡GfPf Æ gf, (4.37)
TGfvf Æ 0, (4.38)
where Mf is the mass matrix of the fluid, Nf is the convective term vector of the fluid, Cf
is the diffusion matrix of the fluid, Gf is the divergence operator matrix of the fluid, af is
the acceleration vector of the fluid, vf is the velocity vector of the fluid, Pf is the pressure
vector of the fluid, gf is the external force vector acting on the fluid, Qf is the equivalent
internal force vector including all effects of the fluid, the subscript L stands for lumping
of the matrix, and the subscript T stands for transpose of the matrix. In ALE formulation,
the fluid convective term Nf is expressed as Nf(vf¡ vˆf)vf. In this study, a continuous linear
velocity and pressure (P1P1) element is used for incompressible fluid analysis. The stabilization
formulation streamline–upwind/Petrov–Galerkin (SUPG) formulations [121] and the pressure–
stabilizing/Petrov–Galerkin (PSPG) [122, 123] for incompressible flows are adopted to avoid
numerical stability due to the fluid convection and the P1P1 element. These stabilization
formulations bring numerical stability in the computation of high Reynolds fluid flow problems
and improve the convergence rate in iterative solution of coupled nonlinear equation systems.
A.2) Discretization of the structure
The FE equations for the structure to the total Lagrangian formulation of the Eq.(4.6) is
presented in Section 3.2.2 for the shell element using mixed interpolation of tensorial compo-
nents (MITC) approach [71–73]. The linearized equation of motion for the structure in T.L
















i j±0 e˜i jd
0­. (4.39)
Equation (4.39) is the completely linearized equation of motion in T.L formulation and it is the
basic equation used for the isoparametric formulation of finite element analysis of the structure.
The equilibrium equation of the structure in matrix form using finite element formulation can
be written as follows.
Qs ´L MsasÅqs(us)Æ gs, (4.40)
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whereMs is the mass matrix of the structure, qs is the internal force vector, as is the acceleration
vector of the structure, us is the displacement vector of the structure, gs is the external force
vector applied to the structure, Qs is the equivalent internal force vector including all effects of
the structure. In this work, the thin flexible structure is solved using the shell finite element. As
the MEMS structures usually are quite thin and undergo large deformations, shell elements are
very well suited for the structural discretization.
A.3) FE equations of interface conditions
The geometric compatibility condition Eq.(4.17) and equilibrium condition Eq.(4.18) on the
fluid–structure interaction can be written in vector form, respectively, as
vfsc ´ vfc Æ vsc, (4.41)
and
Qfc ÆQsc ´ gfsc , (4.42)
where subscript c indicates the coupled degrees of freedoms.
A.4) Coupled fluid–structure interaction equation system: Projection method
The spatially discretized Navier–Stokes fluid Eqs.(4.37) and (4.38), and structural equilibrium
Eq.(4.40) can be written as the following monolithic system[50]:
Q´L MaÅCvÅNÅq(u)¡GpÆ g, (4.43)
TGvÆ 0. (4.44)






































































p´pf, LMfscc ´ LMfccÅLMscc , (4.45a–k)
where subscript d indicates uncoupled degrees of freedoms. The time integration of the
incompressible finite element fluid–structure interaction system is based on the predictor–multi–
corrector algorithm (PMA)[120, 121]. The PMA is based on the Newmark’ ¯ method. Let us





¡G tÅ¢tp(k) Æ g, (4.46a)
TG tÅ¢tv(k) Æ 0. (4.46b)
During the predictor stage of the PMA, the acceleration, velocity, displacement and pressure at
time tÅ¢t are first predicted using those at time t, respectively, as
tÅ¢ta(0) Æ 0, (4.47a)
tÅ¢tv(0) Æ tvÅ¢t(1¡°) ta, (4.47b)
tÅ¢tu(0) Æ tuÅ¢t tvÅ¢t2(1/2¡¯) ta, (4.47c)
tÅ¢tp(0) Æ tp, (4.47d)
where ta, tv, tu, and tp are the known acceleration, velocity, displacement, and pressure which
are obtained from the last time step t, ¯ and ° are the Newmark’s parameters that can be chosen
so as to obtain numerical stability and integration accuracy, and ¢t is the time increment.
The monolithic FSI equation system shown in Eqs.(4.46a) and (4.46b) at time tÅ¢ are
nonlinear equations. These nonlinear equation system can be linearized using the increments
of the accelerations ¢a, velocity ¢v, displacement ¢u, and pressure ¢p. These increments
are obtained from the state variables from the previous nonlinear iteration k¡1 to the current
iteration k during the corrector stage of the PMA method defined as [50],
tÅ¢ta(k) Æ tÅ¢ta(k¡1)Å¢a, (4.48a)
tÅ¢tv(k) Æ tÅ¢tv(k¡1)Å¢vÆ tÅ¢tv(k¡1)Å°¢t¢a, (4.48b)
tÅ¢tu(k) Æ tÅ¢tu(k¡1)Å¢uÆ tÅ¢tv(k¡1)Å¯¢t2¢a, (4.48c)
tÅ¢tp(k) Æ tÅ¢tp(k¡1)Å¢p. (4.48d)
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where M¤ is the generalized mass matrix , ¢g and ¢h are the residual force vectors, ¢
indicates the increment, and Ge is come from the pressure stabilization term of the pressure–
stabilizing/Petrov–Galerkin (PSPG) [122, 123] for incompressible flows. The definition of M¤
for the implicit, explicit, and implicit and explicit treatment of the fluid convection term N and
the fluid diffusion term C can be found in Ref [50, 99].




In case the fluid convection and diffusion terms are treated explicitly then
M¤ ´L MÅ¯¢2K. (4.51)
If the fluid convection term is treated explicitly, and the fluid diffusion term is treated implicitly
then
M¤ ´L MÅ°¢tCÅ¯¢2K. (4.52)
The FSI monolithic system Eq.(4.49) is very strongly coupled method. However, the
monolithic approach is computationally expensive and monolithic formulations can lead to ill–
conditioned equation system [99, 100]. But in the projection method, the monolithic equation
systems for the FSI system is split into its subsystems algebraically [50]. In the algebraic
splitting method proposed by Ishihara and Horie [50], the fluid–structure interaction is split into
the fluid–structure velocity field and the fluid pressure field. This method is computationally
efficient and avoids Schur complement without loss of robustness. This method has been
successfully used for fluid–structure interaction analysis in the flapping flexible wing analysis
[2, 20] and hierarchal decomposition of the structure–fluid–electrostatic interaction in a MEMS
micro cantilever [49]. Therefore, in this study, the projection method proposed in Ref. [50] is
used. The summary of the projection method is as follows:
From the fluid–structure interaction equilibrium Eq.(4.46a), the state variables is predicted
as the intermediate state variables for the known fluid pressure tÅ¢tp(k¡1). Then, Eq.(4.46a) is
linearized as
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M¤¢aˆÆ¢g, (4.53)
where the intermediate state variables and their increments are described as
tÅ¢taˆ(k) Æ tÅ¢ta(k¡1)Å¢aˆ, (4.54a)
tÅ¢tvˆ(k) Æ tÅ¢tv(k¡1)Å¢vˆÆ tÅ¢tv(k¡1)Å°¢t¢aˆ, (4.54b)
tÅ¢tuˆ(k) Æ tÅ¢tu(k¡1)Å¢uˆÆ tÅ¢tv(k¡1)Å¯¢t2¢aˆ, (4.54c)
where tÅ¢taˆ(k), tÅ¢tvˆ(k) and tÅ¢tuˆ(k) are the intermediate or predicted acceleration, velocity














¤ ÆM¤¡LM. If the following pressure Poisson equation (PPE),
°¢t TGLM¡1G¢pÆ¡TGtÅ¢tvˆ(k), (4.57)






When the nonlinear iterations are convergent, the predicted velocity tÅ¢tvˆ(k) agrees with tÅ¢tv(k)
asymptotically as
j tÅ¢tv(k)¡ tÅ¢tvˆ(k) j! 0 as k! 0 (4.59)
The second term of the Eq.(4.58) will vanish asymptotically in the nonlinear iterations, and the
incompressibility constraint for the current fluid velocity tÅ¢tv(k) is satisfied as
TGtÅ¢tv(k) Æ 0. (4.60)
In summary, Eq.(4.53) is solved to determine the increment of the intermediate acceleration
¢aˆ for the previous pressure. Once ¢aˆ is evaluated, then the intermediate velocity tÅ¢tvˆ(k) is
solved using Eq.(4.54b). After that, the pressure increment ¢P is obtained solving Eq.(4.57).
Next the acceleration increment ¢a is solved using Eq.(4.49b), and Eq.(4.48) is solved to derive
the acceleration tÅ¢taˆ(k), the velocity tÅ¢tvˆ(k), and the displacement tÅ¢tuˆ(k).
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B) Finite element formulations of nonlinear electric field–structure interaction
The finite element formulations of a nonlinear electric field–structure interaction (ESI) based
on a novel transformation algorithm between shell elements for the structural field and 3D
solid elements for the electric field is described in Section 3.2.5. The general equations to solve
electric filed–structure interaction is given as follows: The electrical potential is obtained using
the mechanical displacement by solving
tÅ¢tK(b)ff
tÅ¢tf(b) ÆtÅ¢t q¡ tÅ¢tK(b)fu tÅ¢tu(b¡1). (4.61)





(i)(b) Æ¢gs¡tÅ¢tK(b)uf tÅ¢tf(b). (4.62)
where ¢gs is the residual vector of the structure and superscript s indicates structure. When the
electric field is solved using 3D solid elements then Eq.(4.61) can be written as
tÅ¢tK(i)ff
tÅ¢tf(i) ÆtÅ¢t q¡tÅ¢tK(i)fu tÅ¢tu(i¡1)solid . (4.63)
where i indicates the current block Gauss–Seidel iteration between electric field and structure.
The displacements tÅ¢tu(i¡1)solid in the solid elements are obtained using
usolid Æ uTus, (4.64)
where uT is the displacement transformation matrix and us is the shell structure displacement.
The transformation equation that transforms the electric forces from the solid elements to
the shell elements can be generally expressed as
ge Æ eT gesolid, (4.65)
where ge has the dofs of the shell element and gesolid has the dofs of the 3D solid element. The
displacement approximation (incremental form) in the shell elements is corrected using
us ÆusÅ¢us. (4.66)
Eq.(4.66) solves the structure in the shell elements from the electric forces and moments
transformed onto the shell elements, which are considered as externally applied equivalent
forces, as described in Section 3.2.3.
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C) Coupling of the electric field and fluid–structure interaction
The strongly coupled nonlinear electric–structure interaction system which is based on the
partitioned iteration method and transformation method, and strongly coupled fluid–structure
interaction system derived that are based on the projection method for the monolithic FSI
system are combined to analyze the electric field and fluid–structure interaction using block
Gauss–Seidel coupling scheme and transformation method [124] as shown in Fig. 4.4. The
analysis of the EFSI is as follows: First, the electric potentials are derived in the 3D solid
elements are derived from the structural displacements solved in shell elements using the
following equation:
Kff fsolid Æq¡KfuuT us. (4.67)
Next, the electric force vector gesolid is derived
gesolid ÆKuff. (4.68)
where Kuf is the piezoelectric coupling coefficient matrix and f is the electric potentials. The






where Bu, Bf, e are the strain–displacement matrix, the electric field–potential matrix, and
the piezoelectric–stress coefficient matrix, respectively. In the nonlinear analysis problem, the
piezoelectric coupling coefficient matrix Kuf is evaluated and factorization is performed at
every time step.
The induced electric force vector gesolid is now applied on to the structural domain of the FSI
system through the force transformation relation given in Eq.(4.65), which gives ge. After the
force transformation, the external force vector g in the monolithic fluid–structure interaction












where ge Æ [gec,ged]T, and gec is the external force or transnational force acting on the shell and
ged is the external electric moment of force or rotational force acting on the shell. Therefore,
the expression for g in Eq. 4.45(f) changes to Eq.(4.70). After that, in the nonlinear iteration k,
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the increment of the intermediate acceleration ¢aˆ is obtained by solving Eq.(4.53) and then
the intermediate velocity tÅ¢tvˆ(k) is obtained using Eq.(4.54b), Eq.(4.57) is solved to obtain
the pressure increments ¢P, Eq.(4.49b) is solved to determine the acceleration increment
¢a, and Eq.(4.48) is solved to derive the acceleration tÅ¢taˆ(k), the velocity tÅ¢tvˆ(k), and the
displacement tÅ¢tuˆ(k). After the nonlinear iterations, the resultant displacements in the shell
element is transformed to the solid elements using Eq.(4.64) inside the block Gauss–Seidel
iteration loop. The coupling strategy of the EFSI system is symbolically represented using the
model equation system including the degrees of freedoms (dofs) of fluid, structure and electric
fields as shown in Fig. 4.4. The analysis flow of the proposed triply coupling method to solve












































































in the FSI solver









*  : Internal force vector including all effects
Figure 4.4: EFSI coupling: Data flow between FSI and ESI system.
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Initialize: 0a, 0v, 0u, 0p and 0f
Input ¢t.
Predict acceleration, velocity, displacement, and
pressure using Eqs. (4.47a)–(4.47d), respectively
Derive electrical potential using
Kff fsolid Æ q ¡ KfuuT ushell
Compute electrical force vector solving
gesolid Æ Kuff
Transform the electric forces and moments using
ge Æ eT gesolid
Derive intermediate acceleration increments using
M¤¢aˆ Æ ¢g
Derive intermediate velocity solving
tÅ¢taˆ(k) Æ tÅ¢ta(k¡1) Å ¢aˆ
Derive pressure increment solving
°¢t TGLM¡1G¢p Æ ¡TGtÅ¢tvˆ(k)
Derive acceleration increment solving
M¤¢a ¡ G¢p Æ ¢g
Correct acceleration, velocity, displace-
ment, and pressure solving Eq.(4.48).
Check for N-R iteration convergence
Transform shell displacements to 3D solid using
usolid Æ uTus
Check BGS iteration convergence
i Æ i+1




Figure 4.5: Solution procedure of the proposed EFSI analysis
Electric solver, FSI solver, force and displacement transformation.
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Table 4.1: Material properties of PVDF and PZT-5H used in the numerical analysis of a





































4.3. ANALYSIS OF A FLEXIBLE PIEZOELECTRIC BIMORPH IN CHANNEL
4.3 Analysis of a flexible piezoelectric bimorph in channel
4.3.1 Problem setup
A flexible flap in fluid channel shown in Fig. 4.6 is one of the benchmark problem proposed
by Mok and Wall [103] in order to demonstrate the convergence properties, computational
efficiencies, mesh sensitivity, stability performances of partitioned FSI algorithms, and to check
the strong coupling between fluid and structure [50, 103–107]. Ishihara and Horie in Ref.[50]
had analyzed the same problem to discuss the convergence properties, computational efficiency
and stability performances of the projection method. Their results are close to the solutions from
the literature (Mok et al. [103] and Neumann et al. [104]). In the above mentioned references,
the flexible solid beam shown in Fig. 4.6 is made of a rubber material with the material density
½s Æ 1500 kg/m3, Young’s modulus Es Æ 2.3MPa, and a Poisson’s ratio Às Æ 0.45. The fluid
is a silicone oil. The mass density and the viscosity of silicone oil used in the analysis are
½f Æ 956 kg/m3 and ¹f Æ 0.145kg/(m.s). The inflow velocity of the fluid has a parabolic shape.
The fluid velocity at the top vin varies as Vin(1¡ cos2¼ f t) until 10 sec and Vin after 10 sec.
The value of Vin is 0.06067 m/s and f Æ 0.05Hz.
In this study, a piezoelectric bimorph is used instead of rubber. Two separate piezoelectric
materials are studies. One is Polyvinylidene fluoride (PVDF), and the other one is lead zirconate
titanate (PZT). The mechanical and electric properties of these piezoelectric materials that are
used in the analysis are given in Table 4.1. As shown in the Table 4.1, the piezoelectric stress
constants, piezoelectric strain constants, and electromechanical coupling factor of PZT-5H
material is very high compared to that of PVDF. The reason why these two piezoelectric
materials are used is that they have a different mechanical, electrical and electromechanical
properties. The piezoelectric ceramic PZT–5H has very strong direct and inverse piezoelectric
coupling effect than that of the piezoelectric polymer PVDF.
Figure 4.6: A flexible flap in the converging fluid channel
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Four test cases involving different loading conditions and electric configurations are investi-
gated.
1. In case 1, actuator setup is used for the piezoelectric bimorph where a uniform potential
is applied onto the top surface of the bimorph while the bottom surface being earthed as
shown in Fig. 4.7(a). The bimorph is subjected to an applied AC voltage Vf ÆVf0sin!ft.
2. In case 2, closed or short circuit sensor setup is used for a piezoelectric bimorph where
the top and bottom surfaces of the bimorph are set to zero electric potential and a
transverse mechanical force or block force Fext [21] which is equivalent to the induced
electric force in the actuator problem (case 1) is applied to the free end of the shell
structure made of the piezoelectric material as shown in Fig. 4.7(b) .
3. In case 3, open circuit sensor setup is used for a piezoelectric bimorph where the top
and bottom surfaces of the bimorph are in an open circuit condition and a transverse
mechanical force which is equivalent to the induced electric force in the actuator problem
(case 1) is applied to the free end of the shell structure made of the piezoelectric material
as shown in Fig. 4.7(c).
4. In case 4, the pure FSI analysis is performed for the structural properties of a piezoelectric
material with sinusoidal external mechanical force which is equivalent to the induced
electric force in the actuator problem (case 1) is applied to the tip of the flap as shown in
Fig. 4.7(d).
For all these cases, the inlet fluid velocity boundary condition in a converging channel follows
the setup shown in Fig. 4.6. The fluid domain of the channel is modeled using P1P1 elements
(12,012 nodes and 33,600 elements) shown in Fig. 4.8(a), the structural mesh of the piezoelectric
cantilever beam is modeled using shell elements(42 nodes and 20 elements) shown in Fig. 4.8(b)
and the electrical field is analyzed using 3D solid elements (20 node hexahedron element)
shown in Fig. 4.8(c) consists of 683 nodes and 80 elements. Both the fluid and structural
meshes have single division along the z–direction as shown in Figs. 4.8(a) and 4.8(b), while
the electrical mesh has 4 divisions along z–direction as shown in Fig. 4.8(c).
Results computed with [50, 103–107] show the maximum velocity at time t Æ 10s and
after maximum velocity is reached, the flap starts retracting until its steady–state position. In
this study, a harmonic oscillation is expected about the reference solutions when an AC input
voltage source or sinusoidal external mechanical force is applied to the reference setup in [50].
122
4.3. ANALYSIS OF A FLEXIBLE PIEZOELECTRIC BIMORPH IN CHANNEL
(a) Bimorph actuator in the fluid: AC bias voltage is applied to the bimorph
(b) Closed circuit bimorph sensor configuration in the fluid: Bimorph electrodes
are grounded and a sinusoidal blocking force is applied to the tip
(c) Open circuit bimorph sensor configuration in the fluid: Bimorph electrodes are
in open circuit condition and a sinusoidal blocking force is applied to the tip
(d) A flap with external force in the fluid: The structure is applied a sinusoidal
equivalent or blocking force at the tip
Figure 4.7: EFSI problem description, dimensions, external loading and electric configurations.
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Figure 4.8: The finite element meshes: a) P1P1 elements for the fluid, b) shell for the thin
structure, c) 3D solid elements for electric field (the graphics is enlarged in thickness x–direction
for better visibility)
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4.3.2 Results and discussions
The theoretical solution for the resonance frequency of the bimorph cantilever beam immersed









where ½f and ½s are the density of the fluid and the structure, respectively, w and h are the
width and the thickness of the structure, m is the normalized mode numbers given as
mÆ®nwL , (4.72)












where ®1 Æ 1.875 corresponds to the fundamental flexural mode, I is cross-sectional area
moment of inertia and ms is the mass per unit of length. The transverse resonant frequency
of the PVDF bimorph in the vacuum using the material properties given in Table 4.1 with
the geometric dimensions L Æ 0.25m, w Æ 0.02m and h Æ 0.005m is !(1)vac Æ 85.58 rad/s.
Similarly, the damped transverse resonance frequency of the bimorph cantilever in the fluid
media (silicone oil) is !(1)fld Æ 52.45 rad/s. For the given geometry, the difference between the
undamped !(1)vac and damped !
(1)
fld transverse resonance is 38.71%. Similarly, the transverse
resonant frequency of the PZT–5H bimorph in the vacuum with the same geometric dimensions
is !(1)vac Æ 235.64 rad/s and the damped resonance frequency in fluid is !(1)fld Æ 198.69 rad/s.
In general, the 1st bending resonance frequency of the cantilever beam operating trans-
versely, laterally, or torsionally in viscous liquid media is found to shift to a lower value
compared to that in the vacuum or air [127]. According to the results presented in [126–128],
the predicted resonance frequency drop of the 1st transverse mode range from 30–50%, or
larger for longer beams [128]. This is however not the cases for the cantilever beams vibrating
laterally. The 1st lateral resonance frequencies of the same beam only drop by a value of up to
10% while the 1st torsional frequencies drop within 32% [127].
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(a) !f Æ 2.0 rad/s

































EFSI: Vφ0= 50 volt
EFSI: Vφ0= 100 volt
[50]
(b) !f Æ 5.0 rad/s


































EFSI: Vφ0= 50 volt
EFSI: Vφ0= 100 volt
[50]
(c) !f Æ 49.5 rad/s































Vφ0 = 0.1 volt





(d) !f Æ 80.0 rad/s
Figure 4.9: Horizontal displacement of the bimorph actuator at tip at various input voltage
frequency and various bias voltage
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Now the EFSI analysis results for the case 1 shown in Fig. 4.7(a) is presented. Since the FSI
benchmark problem has no analytical solution or experimental data, a reference FSI solution
obtained using Ishihara and Horie [50] was taken as the exact solution for PVDF/PZT–5H
material instead of rubber in a silicone oil. Piezoelectric bimorph actuator layers are polarized
in series type. The number of block Gauss–Seidel iterations are fixed to 8 and time increment
¢t is fixed to 0.005 sec.
Fig. 4.9 shows the vibration characteristics of the tip of the bimorph actuator in response
to various input AC signals with different input voltage frequencies. One can see in Fig. 4.9
that, the response for input voltage Vf0 Æ 0.1volt with frequencies !f Æ 2,5,49.5 and 80 rad/s,
the curve coincides with that of the reference solution [50]. This is because the electric forces
induced by the inverse piezoelectric effect in the solid elements acting on the shell elements as
an externally applied force is very close that of the applied fluid forces on to shell structure in
Ishihara and Horie [50]. This indicates that the coupling between electric and fluid–structure
interaction is very similar to the fluid–structure interaction. The shape of the present EFSI curve
at Vf0 Æ 0.1V is identical to those from the numerical solutions of Mok et al. [103], Neumann
et al. [104] and Ishihara and Horie [50]. As the input voltage is increased, the coupling between
the electric and fluid–structure interaction becomes significantly strong and increases the
induced electric force. Therefore, harmonic oscillations occur around the quasi–state phase of
the reference solution, as shown in Fig. 4.9 for Vf0 Æ 50 and100 volt.
Fig. 4.10 shows the frequency response of the bimorph actuator (case 1) in a converging
channel for the imposed fluid velocity boundary conditions at a bias voltage Vf0 Æ 100V
for various input voltage frequency !f. From the Fig. 4.10 it is evident that the harmonic
oscillations for !f Æ 5 rad/s,49.5 rad/s,80 rad/s are about the reference FSI solution for all
the input voltage frequency. Also, the response in !f Æ 49.5 rad/s achieved the largest peak
amplitude among the different input voltage frequencies, indicating the resonance at this voltage
frequency.
Fig. 4.11 is the summary of the maximum horizontal tip displacement after the time tÆ 25s
with the input signals at the different frequencies !f. It reveals that the EFSI simulation results
yielded a maximum displacement at an input voltage frequency !f Æ 49.50rad/s.
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FSI results: Reference solution
= 49.5 rad/s
EFSI: ωφ = 2 rad/s












Figure 4.10: AC response of a piezoelectric bimorph actuator in the converging fluid channel at
VÁ0 Æ 100V, Vin = 0.06067 m/s and f Æ 0.05Hz (vin = Vin(1¡cos2¼ f t)).
.


































 = 49.5 rad/sωφ
Figure 4.11: Frequency response curve of a piezoelectric bimorph actuator in the converging
fluid channel at VÁ0 Æ 100V, Vin = 0.06067 m/s and f Æ 0.05Hz.
.
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(a) Case 2: Time histories of tip deflection









 = 50.3 rad/s
































(b) Case 3: Time histories of tip deflection































FSI: ω = 2.0 rad/s
FSI: ω = 80.0 rad/s
FSI: ω
[50]
(c) Case 4: Time histories of tip deflection
Figure 4.12: Horizontal displacement of the bimorph for various input external mechanical
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Next, the results obtained for case 2, 3, and 4 are presented. For these cases studies,
the equivalent external force Fext0 corresponding to the induced electric forces in a static
piezoelectric bimorph actuator problem is applied dynamically as Fext Æ Fext0sin!t at the tip
of the shell structure, where ! is the input frequency of the external equivalent forces. An
external equivalent force or blocking force corresponding to the induced electric forces in the





where d31 is the piezoelectric strain constant and E3 is the applied electric field in the thickness
direction of the piezoelectric actuator connected in series type, Es is the Young’s modulus
of the structure or piezoelectric layers, w is the width of the structure, and L is the length of
the structure. For an applied input static voltage of Vf0 Æ 100 V to a piezoelectric bimorph
actuator, the estimated blocking force Fext0 using Eq.(4.75) is 6.90£10¡4 N. Fig. 4.12 shows
the the dynamic response of a piezoelectric bimorph in the converging fluid channel with
Fext0 Æ 6.90£10¡4N, Vin = 0.06067 m/s and f Æ 0.05Hz (vin = Vin(1¡cos2¼ f t) for cases 2,
3, and 4.
Fig. 4.13 is the summary of the peak amplitude of the response within time t = 25 to 40 sec
for input force Fext with various frequencies !. In–order to find the true peak in the frequency
response curve Fig. 4.13, the step of 0.1 rad/sec is used in the simulation near the resonance for
obtaining a fine–enough resolution in the peak amplitude values. The shift between the open–
and closed–circuit resonance frequencies in sensor modes and actuator modes are negligible
for the low electro–mechanical coupling factor k31 the piezoelectric bimorphs such as PVDF
material [129]. This is however not the cases for the piezoelectric bimorphs made of PZT
materials since it has high electro–mechanical coupling factor. It is known that the resonance
frequency of the piezoelectric bimorph beam under closed circuit and open circuit configuration




where k31 is the electro–mechanical coupling factor of a piezoelectric material, fclosed is the
resonance frequency of the piezoelectric bimorph in the closed or short circuit configuration,
and fopen is the resonance frequency of the open circuit configuration. The value of k31 for
PVDF is about 0.12, therefore the difference between fclosed and fopen is within 1%.
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Case 2: EFSI closed circuit sensor setup


















Case 3: EFSI open circuit sensor setup
Case 4: FSI with external mechaical force
Figure 4.13: Frequency response curve of the piezoelectric bimorph made of PVDF material in
the fluid channel
.
As k31 of PZT–5H is about 0.4, the difference between fclosed and fopen is approximately
within 10%, as shown the studies of Zhu et al. [131]. In their study, harmonic analysis of the
piezoelectric bimorph based on ceramic PZT–5H are performed with different external resistive
load values R. The schematic of the external resistive load connected to the piezoelectric
bimorph is shown in Fig. 4.14. They demonstrated how an externally connected resistive load
R causes the shift in the resonance frequency the of piezoelectric bimorphs. The value of the
external resistive load for different electric configurations according to Zhu et al. [131, 132]
are as follows: 1) open circuit configuration has external resistive load value RÆ1, 2) closed
or short circuit has value R Æ 0, and 3) a circuit connected wherein an electric potential is
applied to the electrodes of the piezoelectric bimorphs has value R Æ Ropt Æ 1!rCp , where
Cp Æ n"0"rwLh is the capacitance of the piezoelectric layers placed between electrodes. In
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accordance with this explanation, it should be noted that in the actuator setup (case1) has
external resistive load value R Æ Ropt since a uniform potential is applied at the top of the
electrode with the bottom electrode being grounded. Therefore, the resonance frequency of the
actuator mode fres!RÆRopt is different from that of the resonance of the open circuit fres!RÆ1
and closed circuit fres!RÆ0 [131, 132]. Also, the shift in the resonance frequencies in PVDF
based piezoelectric bimorphs upon the electrical connections are negligible, unlike the case of
PZT–5H based piezoelectric bimorphs of which the resonance frequency shows a noticeable








Figure 4.14: Schematic of external electrica resistive load connected to the piezoelectric
bimorph.
.
Theoretical damped resonance frequency !(1)fld of the bimorph cantilever made of PVDF
material with length LÆ 0.25m, width wÆ 0.02 m and thickness hÆ 0.005 m obtained using
Eq.(4.71) is 52.45 rad/s. As shown in Fig. 4.13, the resonance appears when the input frequency
of the external source (bias voltage for actuator problem case 1or blocking force for cases 2–4)
is !f Æ 49.5, !Æ 50.1 rad/sec, !Æ 50.3 rad/sec, and !Æ 50.9 rad/sec for case 1, 2, 3, and 4,
respectively. Here, cases 1–3 are EFSI setup and their resonance frequency difference with each
other is nearly 1%, thus justifying the approximation given in Eq.(4.76). Also, the frequency
response curve shown in Fig. 4.13 follows a same trend of tip deflection and resonance point
with the results in [130]. The vibration amplitudes of the case 1 in Fig. 4.13 which is an actuator
problem setup with RÆRopt have less amplitudes compared to that under the closed–circuit
sensor configuration (case 2), the open–circuit sensor configurations (case 3) and FSI (case 4),
as the inverse piezoelectric effect counter plays with the mechanical excitation [130]. Also,
the resonance obtained with the FSI algorithm in case 4 [50] shows a good agreement with
the theoretical damped natural frequency i.e. the difference between the theoretical damped
natural frequency and the simulated results in case 4 which is pure FSI problem is 2.8%. Now,
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by taking the FSI solution as an absolute solution, then the difference between the FSI (case 1)
and EFSI problem (cases 1–3) is within 1.5%. This indicates that the proposed EFSI algorithm
takes into account a small shift in the resonance frequency of piezoelectric bimorph made of
PVDF which has a negligible shift in the frequency upon the external resitive loading, which
also appeared in the works of Song et al. [130]. Also, the simulation vibration amplitudes in
actuator setup (case 1) decreases a bit (approximately <10% ) with optimum resistance load
compared to that under closed circuit (case 2), open–circuit (case 3), and the FSI setup (case 4),
as the inverse piezoelectric effect counter plays with the mechanical vibration [130] and also
the connected optimum resistive load has an obvious damping effect on the vibration amplitude,
demonstrated in [131, 132]. This vibration amplitude decrease (about 10%) in PVDF bimorph
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Now the response of the piezoelectric bimorph made of PZT–5H in the fluid channel for
the numerical setup described in Fig. 4.7 to demonstrate the noticeable shift in the resonance
upon the electrical connection is shown. The material properties of PZT–5H that are used in the
theoretical calculations and numerical analysis are given in Table 4.1. The undamped resonance
frequency of the 1st transverse mode of vibration of the piezoelectric bimorph made of PZT–5H
of length LÆ 0.25m, width wÆ 0.02 m and thickness hÆ 0.005 m is !(1)vac Æ 235.64 rad/s and
the damped natural frequency !(1)fld Æ 198.69 rad/s. Fig. 4.15 shows the simulated frequency
response of the PZT–5h based piezoelectric bimorph in the fluid channel using EFSI algorithm
for cases 1–3 and FSI algorithm [50] with external force Fext is used for the analysis of case 4.
The external force Fext0 corresponding to VÁ0 Æ 100 V is calculated using the relation given in
Eq.(4.75). The value of Fext0 used for the case studies of 2–4 is 0.0786N. The piezoelectric
bimorph layers are polarized parallel. Time increment ¢t is fixed to 0.0005 sec, while the BGS
iterations are fixed to 8 satisfying the convergence criteria.
The simulated results depicted in Fig. 4.15 for PZT–5H material shows the resonance
when the input frequency of the input bias voltage or the frequency of the equivalent external
mechanical force is !f Æ 192 rad/sec, !Æ 186 rad/sec, !Æ 199 rad/sec, and !Æ 195 rad/sec
for case 1, 2, 3, and 4, respectively. The difference between open– and closed–circuit resonance
frequency is 6.5%, thus justifying the relation given Eq.(4.76) for PZT–5H material. The
simulation results in [131] also shows 5% difference between the open– and closed–circuit
configuration for the piezoelectric bimorph based on PZT–5H material. Therefore, the simulated
results using the EFSI algorithm follow the same trends upon the shift in the resonance. Also,
the resonance obtained with the FSI algorithm [50] shows a good agreement with the theoretical
damped natural frequency. The vibration amplitudes of the PZT–5H piezoelectric bimorph in
case 1, 2, and 3 shows a dependency on the connected external resistive load. The connected
external resistive load decrease the vibration amplitude a bit (by less than 10% [130]) compared
to the pure FSI results (case 4) as the inverse piezoelectric effect counter plays the mechanical
vibrations. This amplitude dependency upon the external resistive load in PZT–5H piezoelectric
bimorph also follows the results presented by Zhu et al. [131].
4.4 Conclusions
In this chapter, a triple coupled algorithm is proposed to analyze the electric field and fluid–
structure interaction of a piezoelectric bimorph made of PVDF and PZT–5H material in
the viscous fluid media. The proposed EFSI method takes into account the triple coupled
interaction phenomena. The method is a combination of the electric field–structure interaction
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and fluid–structure interaction coupled based on the hierarchal decomposition scheme. As a
fundamental validation, when the bimorph actuator is excited at very low bias voltage and
low input frequencies far away from the device resonance operated in the fluid channel with
the inlet fluid velocity, horizontal tip displacement of the bimorph actuator coincides with
the reference FSI solutions. At higher bias voltages, harmonic oscillation appears about the
reference solution, indicates a strong inverse piezoelectric coupling in the fluid.
The resonance frequency of a thin flexible piezoelectric bimorph in the fluid agrees well
with the theoretical solutions. Also, the shift in the resonance frequency upon the connected
electric resistive load due to the electric boundary conditions is matched well with the the-
oretical approximations. It is shown that the resonance frequency difference between the
open–and closed–circuit sensor mode electric configurations in PVDF piezoelectric bimorphs
has negligible shift. However, a noticeably shift upon the connected external electric resistive
load can be seen in PZT–5H piezoelectric bimorphs. The simulated frequency responses and
vibration amplitudes of the thin flexible piezoelectric bimorphs analyzed using the proposed












The objective of the present study was to develop a coupled multiphysics analysis method to
analyze the sensor and actuator function of a thin flexible piezoelectric bimorph in vacuum and
viscous fluid conditions using FEM. In essence, this work is determined to provide an accurate
and efficient FE multiphysics coupling method implemented in the computer environment
based on an advanced computational mechanics techniques to analyze the electric–structure
interaction (ESI) and the electric–fluid–structure interaction (EFSI).
In this thesis work, the following sub–objectives were proposed to achieve the main
objective:
1. Development of finite element method to analyze the linear electric field–structure
interaction describing the piezoelectric effect by partitioning into the electrical field and
structural with the use of Gauss–Seidel method and analysis using 3D solid elements of
a piezoelectric bimorph for various configurations, demonstrated in Chapter 2.
2. Develop a finite element model for nonlinear structure–electric field interaction using a
novel coupling scheme for the nonlinear structure–electric field by using a transformation
method between the shell and solid in a thin piezoelectric bimorph actuator and sensor
for various electric configurations, presented in Chapter 3.
3. A triply coupled multiphysics analysis of electric field–fluid–structure interaction of the
piezoelectric bimorphs which was based on the combination of the electric field–structure
interaction and fluid–structure interaction, shown in Chapter 4.
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These sub–objectives have been achieved to meet the aim of this thesis work. The following
are the details.
In Chapter 2, a detailed and systematic performances evaluation of the various finite element
coupled algorithms to analyze a linear electric field–structure interaction using a monolithic
coupling (MN), partitioning coupling (PCD), and partitioned iterative coupling methods (BJN
and BGSN) is demonstrated. The comparison of these algorithms were presented based on their
solution accuracy and computational efficiency to analyze the electric–structure interaction
in piezoelectric bimorph actuators with different configurations and their transient dynamic
responses as well as the static and steady state responses. A same level of accuracy was obtained
using the MN, partitioned iterative coupling algorithms (BJN and BGSN) to analyze the static
deflection of various piezoelectric bimorph actuators. The step responses and the resonance
characteristics of the piezoelectric bimorph actuators is predicted accurately with the MN,
BJN, and BGSN algorithms. In the linear dynamic analysis of low–frequency devices such
as piezoelectric bimorph actuators, the MN algorithm is computationally efficient than BJN
and BGNS algorithm, but in the nonlinear dynamic analysis, BGSN algorithm is most efficient
with regard to computational cost and the MN algorithm is very expensive. In the analysis
of high–frequency piezoelectric actuators in surface acoustic wave devices, a same level of
accuracy is obtained with the PCD, MN, BJN, and BGSN algorithms. In the linear dynamic
analysis of high–frequency actuators, the PCD algorithm is computationally efficient compared
with the MN, BJN, and BGSN algorithms. This comprehensive study can be of important for
computer aided modeling and analysis of piezoelectric actuators and to assist designers of
piezoelectric actuators.
In Chapter 3, a detailed literature survey to confirm the statement and the novelty of the 2nd
sub–objective. It was found that the proposed method can treat various electric configurations
of a thin–piezoelectric bimorph actuator and sensor with a linear or quadratic distribution of
electric potential across the thickness, whereas the piezoelectric shell elements which were
well suited for thin bimorph can not treat various electric configurations and piezoelectric
solid elements which were well–suited for electric potential analysis can not treat thin flexible
piezoelectric bimorph. Furthermore, to the best of the author’s knowledge, there has been no
published work, that solves the electric field–structure interaction describing the piezoelectric
effect by decomposing into the electrical and structural fields with the use of different elements
to solve the different fields to analyze both the actuation and sensing function of piezoelectric
bimorph. The results of comparison of actuator and sensor function of thin flexible piezoelectric
bimorph presented in Chapter 3 for various electric configurations show a good agreement
between the theoretical results and the simulated results.
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In Chapter 4, a triple coupling of the electric field–fluid–structure interaction based on
the combination of the electric field–structure interaction and fluid–structure interaction was
presented using the hierarchal decomposition method. A benchmark problem was analyzed
to test the accuracy of the simulated results. The result of comparison shows that the method
developed in this thesis has very good agreements between the simulated results and the
reference solution. The proposed EFSI method takes into account the electric field–fluid–
structure interaction. The damped vibrations of the piezoelectric bimorph analyzed using the
proposed EFSI algorithm coincides with that of the FSI solution when the actuator is excited at
very low input bias voltage. Also, the damped natural frequencies of the piezoelectric bimorph
made of PVDF and PZT–5H are very close to the theoretical damped natural frequency. The
shift in the resonance frequency and the vibration amplitudes of the piezoelectric bimorphs upon
the connected external resistive loading through the electrical boundary conditions coincides
with the previous studies.
In summary, the main contributions of this thesis are outlined below:
1. A comprehensive and detailed analysis of different coupling strategies for a linear electric–
structure interaction was presented based on the accuracy and computational efficiency
shown in Chapter 2.
2. An accurate coupling of the electric field–structure interaction is achieved based on the
decomposition and transformation methods by employing different finite elements to
solve the electric field and structure separately. The method presented here is used to
analyze both the actuation and sensing mode in the piezoelectric bimorph, shown in
Chapter 3.
3. The proposed method in Chapter 3 can treat various electric configurations of a thin–
piezoelectric bimorph with a linear or quadratic distribution of the electric potential
across the thickness.
4. A finite element approach to compute the complicated triply coupling of the electric field–
fluid–structure interaction which can treat both the actuation and sensing of piezoelectric
bimorph in the fluid was developed in Chapter 4.
5. The proposed EFSI algorithm based on the hierarchal decomposition was implemented
as the computer program, it has been solving the problems, which cannot be solved by
the conventional methods.
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It follows from these contributions that the proposed multiphysics FE coupling algorithm
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